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Gravitation theory. Part I
G. SARDANASHVILY, A. YARYGIN
Department of Theoretical Physics, Moscow State University, Russia
Abstract
Based on a fact that complex Clifford algebras of even dimension are isomor-
phic to the matrix ones, we consider bundles in Clifford algebras whose structure
group is a general linear group acting on a Clifford algebra by left multiplica-
tions, but not a group of its automorphisms. It is essential that such a Clifford
algebra bundle contains spinor subbundles, and that it can be associated to a
tangent bundle over a smooth manifold. This is just the case of gravitation the-
ory. However, different these bundles need not be isomorphic. To characterize
all of them, we follow the technique of composite bundles. In gravitation theory,
this technique enables us to describe different types of spinor fields in the pres-
ence of general linear connections and under general covariant transformations.
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1 Introduction
In this work, we aim to describe spinor fields in gravitation theory in terms of
bundles in Clifford algebras. A problem is that gauge symmetries of gravitation
theory are general covariant transformations whereas spinor fields carry out rep-
resentations of Spin groups which are two-fold covers of the pseudo-orthogonal
ones.
In classical gauge theory, a case of matter fields which admit only a sub-
group of a gauge group is characterized as a spontaneous symmetry breaking
[4, 17, 22]. Spontaneous symmetry breaking is a quantum phenomenon, but it
is characterized by a classical background Higgs field [17, 23]. In classical gauge
theory on a principal bundle P → X with a structure Lie group G, spontaneous
symmetry breaking is defines as a reduction of this group to its closed (conse-
quently, Lie) subgroupH (Definition 5.1). By virtue of the well-known Theorem
5.2, there is one-to-one correspondence between the H-principal subbundles P h
of P and the global sections of the quotient bundle Σ = P/H → X (5.1) with a
typical fibre G/H . These sections are treated as classical Higgs fields [4, 16, 22].
Matter fields possessing only exact symmetry group H are described in a pair
with Higgs fields as sections of composite bundles Y → Σ→ X [20, 22].
This is just the case of Dirac spinor fields in gravitation theory [4, 13, 18].
Theory of classical fields on a smooth manifold X admits a comprehensive
mathematical formulation in the geometric terms of smooth fibre bundles over
X [4, 19]. For instance, Yang – Mills gauge theory is theory of principal con-
nections on a principal bundle P → X with some structure Lie group G. Gauge
gravitation theory is formulated in the terms of fibre bundles which belongs to
the category of natural bundles [4, 18].
Studying gauge gravitation theory, one requires that it incorporates Ein-
stein’s General Relativity and, therefore, it should be based on Relativity and
Equivalence Principles reformulated in the fibre bundle terms [6, 11]. As a con-
sequence, gravitation theory has been formulated as gauge theory of general
covariant transformations with a Lorentz reduced structure where a pseudo-
Riemannian metric gravitational field is treated as the corresponding classical
Higgs field [6, 11, 14, 15].
Relativity Principle states that gauge symmetries of classical gravitation
theory are general covariant transformations. Fibre bundles possessing general
covariant transformations constitute the category of so called natural bundles
[4, 8, 25].
Remark 1.1: Let π : Y → X be a smooth fibre bundle. Any automorphism
(Φ, f) of Y , by definition, is projected as π ◦Φ = f ◦ π onto a diffeomorphism f
of its base X . The converse need not be true. A fibre bundle Y → X is called
the natural bundle if there exists a monomorphism
DiffX ∋ f → f˜ ∈ AutY
of a group of diffeomorphisms of X to a group of bundle automorphisms of
Y → X . Automorphisms f˜ are called general covariant transformations of Y .
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The tangent bundle TX of X exemplifies a natural bundle. Any diffeomorphism
f of X gives rise to the tangent automorphisms f˜ = Tf of TX which is a
general covariant transformation of TX . The associated principal bundle is a
fibre bundle LX of linear frames in tangent spaces to X (Section 5.2). It also
is a natural bundle. Moreover, all fibre bundles associated to LX are natural
bundles. 
Following Relativity Principle, one thus should develop gravitation theory
as a gauge theory on a principal frame bundle LX over an oriented four-
dimensional smooth manifold X , called the world manifold X [4, 18].
Equivalence Principle reformulated in geometric terms requires that the
structure group
GL4 = GL
+(4,R) (1.1)
of a frame bundle LX and associated bundles is reducible to a Lorentz group
SO(1, 3). It means that these fibre bundles admit atlases with SO(1, 3)-valued
transition functions and, equivalently, that there exist principal subbundles of
LX with a Lorentz structure group (Section 5.2). This is just a case of spon-
taneous symmetry breaking. Accordingly, there is one-to-one correspondence
between the Lorentz principal subbundles of a frame bundle LX (called the
Lorentz reduced structures) and the global sections of the quotient bundle
LX/SO(1, 3) → X (5.39) which are pseudo-Riemannian metrics on a world
manifold X [6, 11, 18, 21].
An underlying physical reason for Equivalence Principle is the existence of
Dirac spinor fields which possess Lorentz spin symmetries, but do not admit
general covariant transformations [11, 13, 18].
In classical field theory, Dirac spinor fields usually are represented by sections
of a spinor bundle on a world manifold X whose typical fibre is a Dirac spinor
space ΨD and whose structure group is a Lorentz spin group Spin(1, 3).
Note that spinor representations of Lie algebras so(m,n − m) of pseudo-
orthogonal Lie groups SO(m,n −m), n ≥ 1, m = 0, 1, . . . , n, were discovered
by E. Cartan in 1913, when he classified finite-dimensional representations of
simple Lie algebras [2]. Though, there is a problem of spinor representations of
pseudo-orthogonal Lie groups SO(m,n−m) themselves. Spinor representations
are attributes of Spin groups Spin(m,n−m). Spin groups Spin(m,n−m) are
two-fold coverings (3.20) of pseudo-orthogonal groups SO(m,n−m).
Spin groups Spin(m,n−m) are defined as certain subgroups of real Clifford
algebras Cℓ(m,n −m) (3.18). Moreover, spinor representations of Spin groups
in fact are the restriction of spinor representation of Clifford algebras to its Spin
subgroups. Indeed, one needs an action of a whole Clifford algebra in a spinor
space in order to construct a Dirac operator. In 1935, R. Brauer and H. Weyl
described spinor representations in terms of Clifford algebras [1, 9].
Our approach to describing spinors is the following.
• We are based on the fact that real Clifford algebras Cℓ(m,n − m) and
complex Clifford algebras CCℓ(n) of even dimension n are isomorphic to ma-
trix algebras (Theorems 2.5 and 2.9, respectively). Therefore, they are simple
(Corollaries 2.6 and 2.10), and all their automorphisms are inner (Theorems
3
3.1 and 3.7). Their invertible elements constitute general linear matrix groups
(Theorems 3.2 and 3.8). They act on Clifford algebras by a left-regular repre-
sentation, and their adjoint representation as projective linear groups exhaust
all automorphisms of Clifford algebras (Theorems 3.3 and 3.9).
Note that this just the case of a Clifford algebra Cℓ(1, 3) in gravitation theory
(Part II).
• Real and complex Clifford algebras of odd dimension n are described as
even subrings of Clifford algebras of even dimension (Lemmas 2.4 and 2.11,
Example 2.8).
• Given a real Clifford algebra Cℓ(m,n−m), the corresponding spinor space
Ψ(m,n−m) is defined as a carrier space of its exact irreducible representation
(Definition 4.1). We are based on the fact that an exact irreducible represen-
tation of a real Clifford algebra Cℓ(m,n−m) of even dimension n is unique up
to an equivalence, whereas a Clifford algebra Cℓ(m,n−m) of odd dimension n
admits two inequivalent irreducible representations (Theorem 2.7).
In particular, a Dirac spinor space is defined to be a spinor space Ψ(1, 3) of
a Clifford algebra Cℓ(1, 3) (Example 2.6).
However, Examples 2.4 – 2.5 of Clifford algebras Cℓ(0, 2) and Cℓ(2, 0), re-
spectively, show that spinor spaces Ψ(m,n−m) and Ψ(m′, n−m′) need not be
isomorphic vector spaces for m′ 6= m. For instance, a Dirac spinor space Ψ(1, 3)
differs from a Majorana spinor space Ψ(3, 1) of a Clifford algebra Cℓ(3, 1) (Exam-
ple 2.7). In contrast with the four-dimensional real matrix representation (2.26)
of Cℓ(3, 1), a representation of a Clifford algebra Cℓ(3, 1) by complex Dirac’s
matrices (2.22) is not a representation a real Clifford algebra by virtue of Def-
inition 2.3. Indeed, from the physical viewpoint, Dirac spinor fields describing
charged fermions are complex fields.
• We therefore focus our consideration on complex Clifford algebras and
complex spinors. A complex Clifford algebra CCℓ(n) (Definition 2.4) of even di-
mension n is isomorphic to a ring Mat(2n/2,C) of complex (2n/2×2n/2)-matrices
(Theorem 2.9). Its invertible elements constitute a general linear matrix group
GL(2n/2,C) whose adjoint representation in CCℓ(n) yields the projective linear
group PGL(2n/2,C) (3.31) of automorphisms of CCℓ(n) (Theorem 3.7).
•Given a complex Clifford algebraCCℓ(n), the corresponding complex spinor
space Ψ(n) is defined as a carrier space of its exact irreducible representation
(Definition 4.2). Similarly to a case of real Clifford algebras, we are based
on the fact that an exact irreducible representation of a complex Clifford al-
gebra CCℓ(n) of even dimension n is unique up to an equivalence, whereas
a Clifford algebra CCℓ(n) of odd dimension n admits two inequivalent irre-
ducible representations (Theorem 2.12). Due to the canonical monomorphism
Cℓ(m,n − m) → CCℓ(n) (2.38) of real Clifford algebras to the complex ones,
a complex spinor space Ψ(n) admits a representation of a real Clifford algebra
Cℓ(m,n−m), though it need not be irreducible.
• In accordance with Definition 4.2 and Theorem 2.12, we define a particular
complex Clifford space Ψ(n) in a case of even n as a minimal left ideal of a
4
complex Clifford algebra CCℓ(n) (Definition 4.3). Thus, a spinor representation
γ : CCℓ(n)×Ψ(n)→ Ψ(n) (1.2)
of a Clifford algebra CCℓ(n) is equivalent to the canonical representation of
Mat(2n/2,C) by matrices in a complex vector space Ψ(n) = C2
n/2
(Theorem
4.1). Moreover, this spinor space Ψ(n) also carries out a left-regular irreducible
representation of a general linear matrix group GL(2n/2,C) = GCCℓ(n) which is
equivalent to the natural matrix representation of GL(2n/2,C) in C2
n/2
(Corol-
lary 4.2). Thus, this group preserves spinor spaces.
• We show that any complex spinor space Ψ(n) as a minimal left ideal is
generated by some Hermitian idempotent p ∈ Ψ(n) (4.1) (Theorem 4.6), and
obtain its group of automorphisms. A key point, that a spinor subspace Ψ(n)
of a complex Clifford algebra CCℓ(n) is not unique, and it is not stable under
automorphisms of CCℓ(n).
Treating a complex spinor space Ψ(n) as a subspace (i.e. a minimal left
ideal) of a complex Clifford algebra CCℓ(n) which carries out its left-regular
representation (1.2), we believe reasonable to consider a fibre bundle in spinor
spaces Ψ(n) as a subbundle of a fibre bundle in Clifford algebras. However,
one usually considers fibre bundles in Clifford algebras whose structure group
is a group of automorphisms of these algebras [4, 9] (Remark 6.1). A problem
is that, as was mentioned above, this group fails to preserve spinor subspaces
Ψ(n) of a Clifford algebra CCℓ(n) and, thus, it can not be a structure group of
spinor bundles.
Therefore, we define fibre bundles C (6.1) in Clifford algebras CCℓ(n) whose
structure group is a general linear group GL(2n/2,C) of invertible elements
of CCℓ(n) which acts on this algebra by left multiplications (Definition 6.1).
Certainly, it preserves minimal left ideals of this algebra and, consequently, is a
structure group of spinor subbundles S of a Clifford algebra bundle C (Definition
6.2).
In particular, letX be a smooth real manifold of dimension 2n/2, n = 2, 4, . . ..
Let TX be the tangent bundle over X . Their structure group is GL(2n/2,R).
Due to the canonical group monomorphism GL(2n/2,R) → GL(2n/2,C) 6.6,
the complexification CTX (6.7) of TX can be represented as a spinor bundle
(Remark 6.2). This bundle admits general covariant transformations and, thus,
it is a natural bundle.
It should be emphasized that, though there is the ring monomorphism
Cℓ(m,n−m)→ CCℓ(n) (2.38), the Clifford algebra bundle C (6.1) need not con-
tain a subbundle in real Clifford algebras Cℓ(m,n−m) unless a structure group
GL(2n/2,C) of C is reducible to a group GCℓ(m,n−m) of invertible elements of
Cℓ(m,n−m). We study this condition (Section 6.1). Let X be an n-dimensional
smooth manifold and LX a principal frame bundle over X . We show that any
global section h of the quotient bundle Σ(m,n−m) = LX/O(m,n−m) → X
(6.13) is associated to the fibre bundle Ch → X (6.11) in complex Clifford al-
gebras CCℓ(n) which contains the subbundle Ch(m,n −m) → X (6.12) in real
Clifford algebras Cℓ(m,n−m) and a spinor subbundle Sh → X .
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A key point is that, given different sections h and h′ of the quotient bundle
Σ(m,n−m)→ X (6.13), the Clifford algebra bundles Ch and Ch′ need not be
isomorphic. In order to describe all these non-isomorphic Clifford algebra bun-
dles Ch, follow a construction of composite bundles (Section 6.2). We consider
composite Clifford algebra bundles CΣ (6.18) and C(m,n−m)Σ (6.19), and the
spinor bundle SΣ (6.20) over a base Σ(m,n − m) (6.13. Then given a global
section h of the quotient bundle Σ(m,n−m)→ X (6.13), the pull-back bundles
h∗CΣ, h∗C(m,n−m)Σ and h∗SΣ are the above mentioned fibre bundles Ch → X ,
Ch(m,n−m)→ X and Sh → X , respectively.
This is just the case of gravitation theory where, in order to define a Dirac
operator, we must consider a fibre bundle in Clifford algebras Cℓ(1, 3) whose
generating spaces are cotangent spaces to a world manifold X .
In forthcoming Part II of our work, following the technique of composite
Clifford algebra bundles in Section 6.2, we consider composite Clifford algebra
bundles CΣ and C(1, 3)Σ, and a spinor bundle SΣ over the base LX/SO(1, 3)
(5.39). As was mentioned above, global sections h of the quotient bundle
LX/SO(1, 3)→ X are pseudo-Riemannian metrics on X . Given such a section,
the corresponding pull-back bundles h∗CΣ, h∗C(1, 3)Σ and h∗SΣ are h-associated
fibre bundles Ch → X , Ch(1, 3)→ X and Sh → X over X , respectively.
2 Clifford algebras
A real Clifford algebra is defined as a ring (i.e., a unital associative algebra)
possessing a certain vector subspace of generating elements (Definition 2.1).
However, such a ring can possess different generating spaces. Therefore, we also
consider a real Clifford algebra without specifying its generating space. Complex
Clifford algebras are defined as the complexification of the real ones (Definition
2.4).
2.1 Real Clifford algebras
Let V = Rn be an n-dimensional real vector space provided with a non-
degenerate bilinear form (a pseudo-Euclidean metric) η. Let us consider a tensor
algebra
⊗V = R⊕ V ⊕ 2⊗V ⊕ · · · ⊕ k⊗V ⊕ · · ·
of V and its two-sided ideal Iη generated by the elements
v ⊗ v′ + v′ ⊗ v − 2η(v, v′)e, v, v′ ∈ V,
where e denotes the unit element of ⊗V . The quotient ⊗V/Iη is a real non-
commutative ring.
Definition 2.1: A real ring ⊗V/Iη together with a fixed generating sub-
space (V, η) is called the real Clifford algebra Cℓ(V, η) modelled over a pseudo-
Euclidean space (V, η). 
6
Remark 2.1: Unless otherwise stated, by a Clifford algebra hereafter is meant
a real Clifford algebra in Definition 2.1. 
There is the canonical monomorphism of a real vector space V to the quotient
⊗V/Iη. It is a generating subspace of a real ring ⊗V/Iη. Its elements obey the
relations
vv′ + v′v − 2η(v, v′)e = 0, v, v′ ∈ V.
Definition 2.2: Given Clifford algebras Cℓ(V, η) and Cℓ(V ′, η′), by their iso-
morphism is meant an isomorphism of them as rings:
φ : Cℓ(V, η)→ Cℓ(V ′, η′), φ(qq′) = φ(q)φ(q′), (2.1)
which also is an isometric isomorphism of their generating pseudo-Euclidean
spaces:
φ : Cℓ(V, η) ⊃ (V, η)→ (V ′, η′) ⊂ Cℓ(V ′, η′), (2.2)
2η′(φ(v), φ(v′)) = φ(v)φ(v′) + φ(v′)φ(v) = φ(vv′ + v′v) = 2η(v, v′).

It follows from the isomorphism (2.2) that two Clifford algebras Cℓ(V, η) and
Cℓ(V ′, η′) are isomorphic iff they are modelled over pseudo-Euclidean spaces
(V, η) and (V ′, η′) of the same signature. Let a pseudo-Euclidean metric η be
of signature (m;n−m) = (1, ..., 1;−1, ...,−1). Let {v1, ..., vn} be a basis for V
such that η takes a diagonal form
ηab = η(va, vb) = ±δab.
Then a ring Cℓ(V, η) is generated by elements v1, ..., vn which obey relations
vavb + vbva = 2ηabe.
We agree to call {v1, ..., vn} the basis for a Clifford algebra Cℓ(Rn, η). Given
this basis, let us denote Cℓ(Rn, η) = Cℓ(m,n−m).
In accordance with Definition 2.2, any isomorphism (2.1) – (2.2) of Clifford
algebras is their ring isomorphism (2.1). However, the converse is not true,
because their ring isomorphism (2.1) need not be the isometric isomorphism
(2.2) of their generating spaces. Therefore, we also consider Clifford algebras,
without specifying their generating spaces.
Lemma 2.1: Any isometric isomorphism (2.2) of generating vector spaces φ :
V → V ′ of Clifford algebras Cℓ(V, η) and Cℓ(V ′, η′) is prolonged to their ring
isomorphism (2.1):
φ : Cℓ(V, η)→ Cℓ(V ′, η′) φ(v1 · · · vk) = φ(v1) · · ·φ(vk), (2.3)
which also is an isomorphism of Clifford algebras. 
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Remark 2.2: Let g be a general (non-isometric) linear automorphism of a
generating vector space V of a Clifford algebra Cℓ(V, η). It yields an automor-
phism of Cℓ(V, η) as a real vector space, but not its ring automorphism because
g(v)g(v′) + g(v′)g(v) = 2η(g(v), g(v′))e 6=
2η(v, v′)e = g(vv′ + v′v), v, v′ ∈ V,
in general. Let us provide a vector space V with a different pseudo-Euclidean
metric η′ such that
η′(g(v), g(v′)) = η(v, v′), v, v′ ∈ V.
It is of the same signature as η. Then a morphism g is an isometric isomor-
phism of a pseudo-Euclidean space (V, η) to a pseudo-Euclidean space (V, η′).
Accordingly it yields an isomorphism of a Clifford algebra Cℓ(V, η) to a Clifford
algebra Cℓ(V, η′) modelled over (V, η′). 
Example 2.3: There are the following isomorphisms of real rings [9]:
Cℓ(1, 0) = R⊕ R, (2.4)
Cℓ(0, 1) = C, (2.5)
Let {r1 = 1, r2 = 1} be a basis for a ring R ⊕ R. Then the isomorphism (2.4)
reads (e ↔ r1), v1 ↔ r2. Accordingly, the isomorphism (2.5) takes a form
e↔ 1, v1 ↔ i. 
Example 2.4: There is a ring isomorphism
Cℓ(0, 2) = H, (2.6)
where H is a real division ring of quaternions. An underlying real vector space
of H has a basis {1, τ1, τ2, τ3} whose elements obey the relations
(τ1)2 = (τ2)2 = (τ3)2 = τ1τ2τ3 = −1,
where 1 is the unit element of H. These relations define the real division ring
H with two generating elements, e.g., τ1 and τ2. We have
τ1τ2 = −τ2τ1 = τ3, τ2τ3 = −τ3τ2 = τ1, τ3τ1 = −τ1τ3 = τ2.
Due to an isomorphism
C⊗
R
H = Mat(2,C), (2.7)
a quaternion division ring H can be represented as a real subalgebra of an
algebra Mat(2,C) of complex (2 × 2)-matrices whose underlying real vector
space possesses a basis
1 =
(
1 0
0 1
)
, τ1 =
(
0 −i
−i 0
)
, τ2 =
(
0 −1
1 0
)
, τ3 =
(−i 0
0 i
)
, (2.8)
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so that τk = −iσk, k = 1, 2, 3, where σk are the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (2.9)
Then the isomorphism Cℓ(0, 2) = H (2.6) can be written in a form v1 ↔ τ1,
v2 ↔ τ2, but it is not canonical. Using this isomorphism and the matrix repre-
sentation (2.8) of a quaternion division ringH, we obtain a matrix representation
of a Clifford algebra Cℓ(0, 2) as a real subalgebra of an algebra Mat(2,C). Its
underlying real vector space possesses a basis
e = 1, vk = τk, k = 1, 2, 3. (2.10)

It may happen that a ring Cℓ(V, η) admits a generating pseudo-Euclidean
space (V ′, η′) whose signature differs from that of (V, η). In this case, Cℓ(V, η)
possesses the structure of a Clifford algebra Cℓ(V ′, η′) which is not isomorphic
to a Clifford algebra Cℓ(V, η).
Lemma 2.2: There are ring isomorphisms
Cℓ(m,n−m) = Cℓ(n−m+ 1,m− 1), (2.11)
Cℓ(m,n−m) = Cℓ(m− 4, n−m+ 4), n,m ≥ 4. (2.12)

Proof: Let us consider a Clifford algebra Cℓ(m,n − m) of m > 0, n > 1,
possessing a basis {v1, ..., vn}. A ring Cℓ(m,n−m) also is generated by elements
w1 = v1, wi = v1vi, i > 1. (2.13)
These elements obey the relations
wiwk + wkwi = 2η′ike,
η′11 = η11, η′1k = 0, η′ik = −η11ηik, i, k > 1.
Hence, a ring Cℓ(m,n −m) also is a Clifford algebra modelled over a pseudo-
Euclidean space (Rn, η′) of signature (1+n−m;m−1). Thus, we have the ring
isomorphism (2.11) given by the relations (2.13). Turn now to the isomorphism
(2.12). Let (v0, v1, v2, v3, vi) and (w0, w1, w2, w3, wi) be bases for Clifford alge-
bras Cℓ(m,n−m) and Cℓ(m−4, n−m+4), respectively. Then their isomorphism
(2.12) is given by identifications wi ↔ vi and
w0 ↔ v1v2v3, w1 ↔ v0v2v3, w2 ↔ v0v1v3, w3 ↔ v0v1v2. (2.14)

Example 2.5: We have a ring isomorphism
Cℓ(2, 0) = Cℓ(1, 1) = Mat(2,R), (2.15)
9
where Mat(2,R) is a real ring of (2×2)-matrices. It exemplifies the isomorphism
(2.11) which reads: w1 ↔ e1, w2 → e1e2, where {e1, e2} and {w1, w2} are the
bases for Cℓ(2, 0) and Cℓ(1, 1), respectively. The matrix representation (2.15) of
Cℓ(2, 0) by Mat(2,R) takes a form
e1 = σ1 =
(
0 1
1 0
)
, e2 = σ3 =
(
1 0
0 −1
)
. (2.16)
Accordingly, the matrix representation Cℓ(1, 1) by Mat(2,R) is
w1 = σ1 =
(
0 1
1 0
)
, w2 = τ2 =
(
0 −1
1 0
)
. (2.17)
The real rings Cℓ(2, 0) (2.16) and Cℓ(1, 1) (2.17) coincide with each other. Their
underlying vector space in Mat(2,R) possesses a basis {1, σ1, σ3, τ2}. 
With the real ring isomorphism (2.15), we obtain the following recursion
relation.
Lemma 2.3: There is a real ring isomorphism
Cℓ(p+ 1, q + 1) = Cℓ(1, 1)⊗ Cℓ(p, q) = Mat(2, Cℓ(p, q)), (2.18)
where Mat(2, Cℓ(p, q)) is an algebra of 2 × 2 matrices with entries in Cℓ(p, q).

Proof: The isomorphisms (2.18) take a form
v+ = w1 ⊗ e =
(
0 1
1 0
)
, v− = w2 ⊗ e =
(
0 −1
1 0
)
, (2.19)
vi = w1w2 ⊗ ei =
(
τ i 0
0 −τ i
)
,
where {vi, v+, v−} is a basis for Cℓ(p + 1, q + 1), {ei} is that for Cℓ(p, q) and
{w1, w2} is the basis (2.17) for Cℓ(1, 1). 
Example 2.6: Using isomorphisms (2.6), (2.11), (2.12), (2.15) and (2.18), one
can obtain the real ring isomorphisms
Cℓ(1, 3) = Cℓ(4, 0) = Cℓ(0, 4) = Cℓ(1, 1)⊗ Cℓ(0, 2) = Mat(2,H), (2.20)
The isomorphism Cℓ(4, 0) = Cℓ(0, 4) (2.20) exemplifies the isomorphism (2.12)
given by the identification (2.14). In view of the formulas (2.10) and (2.19), the
matrix representation Cℓ(1, 3) = Mat(2,H) (2.20) reads
v+ =
(
0 1
1 0
)
, v− =
(
0 −1
1 0
)
, v1,2 =
(−iσ1,2 0
0 iσ1,2
)
, (2.21)
10
where σ1,2 are the Pauli matrices (2.9). Let us call it the standard repre-
sentation, though it is not canonical. In particular, one usually deal with a
representation of Cℓ(1, 3) by Dirac’s matrices
v0 = γ0 =
(
1 0
0 −1
)
, vj = γj =
(
0 −σj
σj 0
)
. (2.22)
Let us also mention its different representation by other Dirac’s matrices
γ˜µ = SγµS−1, S =
1√
2
(
1 −1
1 1
)
,
γ˜0 =
(
0 1
1 0
)
, γ˜j =
(
0 −σj
σj 0
)
. (2.23)
The isomorphism Cℓ(4, 0) = Cℓ(1, 3) (2.20) exemplifies the isomorphisms (2.11).
Given the matrix representation (2.23) of Cℓ(1, 3), it provides the matrix repre-
sentation
w0 =
(
0 1
1 0
)
, wj =
(
σj 0
0 −σj
)
(2.24)
of a Clifford algebra Cℓ(4, 0) 
Example 2.7: Using isomorphisms (2.11), (2.15) and (2.18), one can obtain
the real ring isomorphisms
Cℓ(2, 2) = Cℓ(3, 1) = Cℓ(1, 1)⊗ Cℓ(0, 2) = Mat(4,R). (2.25)
The formulas (2.16) and (2.18) lead to the representation (2.25) of Cℓ(3, 1) by
real matrices:
v+ =
(
0 1
1 0
)
, v− =
(
0 −1
1 0
)
. (2.26)
v1 =
(
σ1 0
0 −σ1
)
, v2 =
(
σ3 0
0 −σ3
)
,
It is an irreducible four-dimensional representation of a Clifford algebra Cℓ(3, 1).
By virtue of Theorem 2.7, this irreducible representation is unique up to an
equivalence. 
Let Cℓ0(m,n − m) be a vector subspace of elements of a Clifford algebra
Cℓ(m,n−m) which is spanned by polynomials in elements of Rn of even degree.
It is obviously a subring of a ring Cℓ(m,n−m), called its even subring.
Lemma 2.4: There exists a ring isomorphism
Cℓ0(m,n−m) = Cℓ(n−m,m− 1), n > 1. (2.27)

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Proof: Let {v0, . . . , vn−1} and {w1, . . . , wn−1} be bases for Cℓ(m,n −m) and
Cℓ(m,n−m− 1). Then the isomorphism (2.27) is defined by the identification
wi = v0vi. 
Example 2.8: Let us consider a Clifford algebra
Cℓ(0, 3) = Cℓ0(4, 0). (2.28)
Let a Clifford algebra Cℓ(4, 0) be represented by the matrices (γ˜0,−iγ˜j) (2.23).
Then a Clifford algebra Cℓ(0, 3) is generated by matrices
(a0γ˜
0 + iaiγ˜
i)(b0γ˜
0 + ibiγ˜
i) = (a01+ iaiγ˜
iγ˜0)(b01+ ibiγ˜
0γ˜i) =(
c01+ ciτ
i 0
0 d01+ diτ
i
)
, cµ, dµ ∈ R. (2.29)
Thus, there is a real ring isomorphism
Cℓ(0, 3) = H×H. (2.30)

The recursion relation (2.3) and the ring isomorphisms (2.4), (2.5), (2.6),
(2.15) and (2.30) enable us to provide the matrix representation of any real
Clifford algebra as follows.
Theorem 2.5: Clifford algebras Cℓ(p, q) as rings are isomorphic to the following
matrix algebras.
Cℓ(p, q) = (2.31)
Mat(2(p+q)/2,R) =
(p+q)/2
⊗
R
Mat(2,R) p− q = 0, 2 mod 8
Mat(2(p+q−1)/2,R)⊕Mat(2(p+q−1)/2,R) p− q = 1 mod 8
Mat(2(p+q−1)/2,C) p− q = 3, 7 mod 8
Mat(2(p+q−2)/2,H) p− q = 4, 6 mod 8
Mat(2(p+q−3)/2,H)⊕Mat(2(p+q−3)/2,H) p− q = 5 mod 8

Proof: Owing to the isomorphism (2.12), a Clifford algebra Cℓ(p, q) is isomor-
phic to a Clifford algebra Cℓ(p− 4k, q+4k), k ∈ Z, so that p− q− 8k < 8. The
we have eight different algebras
Cℓ((p+ q)/2, (p+ q)/2) p− q = 0, 2 mod 8
Cℓ((p+ q + 1)/2, (p+ q − 1)/2) p− q = 1 mod 8
Cℓ((p+ q + 3)/2, (p+ q − 3)/2) p− q = 3, 7 mod 8
Cℓ((p+ q − 2)/2, (p+ q + 2)/2) p− q = 4, 6 mod 8
Cℓ((p+ q − 3)/2, (p+ q + 3)/2) p− q = 1 mod 8.
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Then the relations (2.3) leads to the isomorphisms
Mat(2(p+q)/2,R) =
(p+q)/2
⊗
R
Mat(2,R) p− q = 0, 2 mod 8
Mat(2(p+q−1)/2, Cℓ(1, 0)) p− q = 1 mod 8
Mat(2(p+q−1)/2, Cℓ(0, 1)) p− q = 3, 7 mod 8
Mat(2(p+q−2)/2, Cℓ(0, 2)) p− q = 4, 6 mod 8
Mat(2(p+q−3)/2, Cℓ(0, 3)) p− q = 5 mod 8
The result (2.31) follows from the isomorphisms (2.4), (2.5), (2.6), (2.15) and
(2.30). 
Corollary 2.6: Since matrix algebras Mat(r,K), K = R,C,H, are simple, a
glance at Table 2.31 shows that real Clifford algebras Cℓ(V, η) modelled over
even dimensional vector spaces V (i.e., p− q is even) are simple. 
Definition 2.3: By a representation of a Clifford algebra Cℓ(V, η) is meant
its ring homomorphism ρ to a real ring of linear endomorphisms of a finite-
dimensional real vector space Ξ, whose dimension is called the dimension of a
representation. 
For instance, the real matrix representation (2.26) of a real Clifford algebra
Cℓ(3, 1) is its representation in accordance with Definition 2.3. At the same
time, a representation of a Clifford algebra Cℓ(3, 1) by Dirac’s matrices (2.22)
is not that by Definition 2.3.
A representation is said to be exact if ρ is an isomorphism. A representation
is called irreducible if there is no proper subspace of Ξ which is a carrier space
of a representation of Cℓ(V, η).
Two representations ρ and ρ′ of a Clifford algebra Cℓ(V, η) in vector spaces
Ξ and Ξ′ are said to be equivalent if there is an isomorphism ξ : Ξ→ Ξ′ of these
vector spaces such that ρ′ = ξ ◦ ρ ◦ ξ−1 is a real ring isomorphism of ρ(Cℓ(V, η))
and ρ′(Cℓ(V, η)).
The following is a corollary of Theorem 2.5.
Theorem 2.7: If n = dimV is even, an exact irreducible representation of a real
ring Cℓ(m,n−m) is unique up to an equivalence [9]. If n is odd there exist two
inequivalent exact irreducible representations of a Clifford algebra Cℓ(m,n−m).

2.2 Complex Clifford algebras
Let us consider the complexification
CCℓ(m,n−m) = C⊗
R
Cℓ(m,n−m) (2.32)
of a real ring Cℓ(m,n − m). It is readily observed that all complexifications
CCℓ(m,n−m), m = 0, . . . , n, are isomorphic:
CCℓ(m,n−m) = CCℓ(m′, n−m′), (2.33)
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both as real and complex rings. Namely, with the bases {vi} and {ei} for
Cℓ(m,n−m) and Cℓ(n, 0), their isomorphisms (2.33) are given by associations
v1,...,m → e1,...,m, vm+1,...,n → iem+1,...,n. (2.34)
Though the isomorphisms (2.34) are not unique, one can speak about an ab-
stract complex ring CCℓ(n) (2.33) so that, given a real Clifford algebra Cℓ(m,n−
m) and its complexification CCℓ(m,n−m) (2.32), there exist the complex ring
isomorphism (2.34) of CCℓ(m,n−m) to CCℓ(n).
Definition 2.4: We call CCℓ(n) (2.33) the complex Clifford algebra, and define
it as a complex ring
CCℓ(n) = C⊗
R
Cℓ(n, 0), (2.35)
generated by n elements (ei) such that
eiej + ejei == 2κ(ei, ej)e = 2δije. (2.36)

Let us call {ei} (2.36) the Euclidean basis for a complex Clifford algebra
CCℓ(n). With this basis, any element of CCℓ(n) takes a form
a = λe+
∑
1≤k≤n
∑
i1<...<ik
λi1...ike
i1 · · · eik , λ, λi1...ik ∈ C. (2.37)
Definition 2.5: A complex vector space V , spanned by an Euclidean basis {ei}
and provided with the bilinear form κ (2.36), is termed the Euclidean generating
space of a complex Clifford algebra CCℓ(n). 
Remark 2.9: Any generating space (V , κ) of a complex Clifford algebra is the
Euclidean one with respect to some basis of V . 
Lemma 2.8: The complex ring CCℓ(n) (2.35) possesses a canonical real subring
Cℓ(m,n−m)→ CCℓ(n) (2.38)
with a basis
{e1, . . . , em, iem+1, . . . , ien}. (2.39)

Remark 2.10: The definition (2.35) enables us to provide a complex Clifford
algebra CCℓ(n) with an involution
(λei)∗ = λei, (eiej)∗ = ejei, λ ∈ C, (2.40)
so that an involution of the element a ∈ CCℓ(n) (2.37) reads
a∗ = λe+
∑
1≤k≤n
∑
i1<...ik
λi1...ike
ik · · · ei1 . (2.41)
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In particular, it follows that
a∗a =
λλ+ ∑
1≤k≤n
∑
i1<...<ik
λi1...ikλi1...ik
 e+ · · · 6= 0. (2.42)
An element a ∈ CCℓ(n) is called the Hermitian one if a∗ = a. In this case,
a2 6= 0 in accordance with the formula (2.42). The involution ∗ (2.40) makes a
complex Clifford algebra involutive. However, an automorphism of CCℓ(n) need
not be its automorphism as an involutive algebra (Remark 3.10). 
Theorem 2.5 provides the following classification of the complex Clifford
algebras CCℓ(n) (2.35).
Theorem 2.9: Complex Clifford algebras are isomorphic to the following ma-
trix ones
CCℓ(n) =
 Mat(2n/2,C) =
n/2
⊗
C
Mat(2,C) =
n/2
⊗
C
CCℓ(2) n = 0 mod 2
Mat(2(n−1)/2,C)⊕Mat(2(n−1)/2,C) n = 1 mod 2
(2.43)

Corollary 2.10: Since matrix algebras Mat(n,C) are simple and central (i.e.,
their center is proportional to the unit matrix), complex Clifford algebrasCCℓ(n)
of even n are central simple algebras. 
Lemma 2.11: It follows from Definition 2.4 and Lemma 2.4, that complex
Clifford algebra of odd dimension are even subrings of Complex Clifford algebras
of even dimension in Corollary 2.10. 
Example 2.11: Let us consider a complex Clifford algebra CCℓ(2). There is
its isomorphism (2.43):
CCℓ(2) = Mat(2,C). (2.44)
Its Euclidean basis in this representation is
e1 = ρ1 =
(
0 1
1 0
)
, e2 = ρ2 =
(
1 0
0 −1
)
.
Then its elements M with respect to this basis take a form
Mat(2,C) ∋M = ae+ a1e1 + a2e2 + be1e2, a, a1, a2, b ∈ C,
so that M∗ = M+ is a complex conjugate transposition of a matrix M ∈
Mat(2,C). 
Example 2.12: Let us consider a complex Clifford algebra CCℓ(4). There is
its isomorphism (2.43):
CCℓ(4) = Mat(4,C), (2.45)
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such that M∗ = M+ is a complex conjugate transposition of a matrix M ∈
Mat(4,C). Let CCℓ(4) (2.45) be generated by the elements (2.24):
ǫ0 =
(
0 1
1 0
)
, ǫj =
(
σj 0
0 −σj
)
(2.46)
which obey the relations (2.36). Let us introduce the notation
ǫαβ =
1
4
(ǫαǫβ − ǫβǫα), (ǫαβ)2 = −1
4
e,
[ǫαβ, ǫµν ] = δανǫβµ + δβµǫαν − δαµǫβν − δβνǫαµ
ǫ5 = ǫ0ǫ1ǫ2ǫ3, (ǫ5)2 = e, ǫµǫ5 = −ǫ5ǫµ, (2.47)
εµ = ǫµǫ5, εµεν + ενεµ = −2δµνe. (2.48)
Then in accordance with the isomorphism (2.45), any element ofM ∈Mat(4,C)
is represented by a sum
M = ae+ aµǫ
µ + aαβǫ
αβ + bµε
µ + bǫ5, a, aµ, aαβ , bµ, b ∈ C. (2.49)
We also have the isomorphism (2.43):
CCℓ(4) = CCℓ(2)⊗
C
CCℓ(2). (2.50)
Let {e1, e2} be generating elements of a complex Clifford algebra CCℓ(2) which
obeys the relations (2.36). Then for instance, one can choose the generating
elements
ǫ0 = e1 ⊗ e, ǫ1 = ie1e2 ⊗ e2, ǫ2 = ie1e2 ⊗ e1, ǫ3 = e2 ⊗ e, (2.51)
of a complex Clifford algebra CCℓ(4). With the generating elements (2.51), the
isomorphism (2.50) takes a form
ǫ01 =
i
2
e2 ⊗ e2, ǫ02 = i
2
e2 ⊗ e1, ǫ03 = 1
2
e1e2 ⊗ e,
ǫ12 = −1
2
e⊗ e1e2, ǫ13 = i
2
e1 ⊗ e2, ǫ23 = i
2
e1 ⊗ e1, (2.52)
ε0 = e2 ⊗ e1e2, ε1 = ie⊗ e1, ε2 = −ie⊗ e2, ε3 = e1 ⊗ e1e2,
ǫ5 = −e1e2 ⊗ e1e2.

Definition 2.6: By a representation of a complex Clifford algebra CCℓ(n)
is meant its morphism ρ to a complex algebra of linear endomorphisms of a
finite-dimensional complex vector space. 
The following is a Corollary of Theorem 2.9.
Theorem 2.12: If n is even, an exact irreducible representation of a complex
Clifford algebra CCℓ(n) is unique up to an equivalence [9]. If n is odd there exist
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two inequivalent exact irreducible representations of a complex Clifford algebra
CCℓ(n). 
Remark 2.13: Throughout the work, by representations of real and complex
Clifford algebras are meant their exact representations only. 
In view of Corollary 2.10 and Theorem 2.12, we hereafter focus our consid-
eration on real and complex Clifford algebras modelled over even vector spaces,
and describe Clifford algebras of odd dimension as even subrings of those of
even dimension (Lemmas 2.4 and and 2.11, Example 2.8).
3 Automorphisms of Clifford algebras
We consider both generic ring automorphisms of a Clifford algebra and its au-
tomorphisms which preserve a specified generating space.
3.1 Automorphisms of real Clifford algebras
Let Cℓ(V, η) be a real Clifford algebra modelled over an even-dimensional pseudo-
Euclidean space (V, η). By Aut[Cℓ(V, η)] is denoted the group of automorphisms
of a real ring Cℓ(V, η). A key point is the following.
Theorem 3.1: Any automorphism of a real ring Cℓ(V, η) is inner. 
Proof: Theorem 2.5 states that any real Clifford algebra Cℓ(p, q), p − q = 0
mod 2 as a ring is isomorphic to some matrix algebra Mat(m,K), K = R,C,H.
Such an algebra is simple. Algebras Mat(m,K), K = R,H, are central simple
real algebras with the center Z = R. Algebras Mat(m,C) are central simple
complex algebras with the center Z = C. In accordance with the well-known
Skolem–Noether theorem automorphisms of these algebras are inner. 
Theorem 3.2: Invertible elements of a Clifford algebra Cℓ(V, η) = Mat(m,K)
constitute a general linear matrix group
GCℓ(V, η) = Gl(m,K). (3.1)

In particular, this group contains all elements v ∈ V ⊂ Cℓ(V, η) such that
η(v, v) 6= 0. Acting in Cℓ(V, η) by left and right multiplications, the group
GCℓ(V, η) (3.1) also acts in a Clifford algebra by the adjoint representation
ĝ : q → gqg−1, g ∈ GCℓ(V, η), q ∈ Cℓ(V, η). (3.2)
By virtue of Theorem 3.1, this representation provides an epimorphism
ζ : GCℓ(V, η) = Gl(m,K)→ Gl(m,K)/Z = Aut[Cℓ(V, η)]. (3.3)
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Thus, we come to the following.
Theorem 3.3: The group of automorphisms of a real Clifford algebra Cℓ(V, η) =
Mat(m,K), K = R,C,H, is a projective linear group
Aut[Cℓ(V, η)] = PGl(m,K) = Gl(m,K)/Z, (3.4)
where Z = R if K = R,H and Z = C if K = C. 
Any ring automorphism g of Cℓ(V, η) sends a generating pseudo-Euclidean
space (V, η) of Cℓ(V, η) onto an isometrically isomorphic pseudo-Euclidean space
(V ′, η′) such that
2η′(g(v), g(v′))e = g(v)g(v′) + g(v′)g(v) = 2η(v, v′)e, v, v′ ∈ V.
It also is a generating space of a ring Cℓ(V, η). Conversely, let (V, η) and (V ′, η′)
be two different pseudo-Euclidean generating spaces of the same signature of
a ring Cℓ(V, η). In accordance with Lemma 2.1, their isometric isomorphism
(V, η) → (V ′, η′) gives rise to an automorphism of a ring Cℓ(V, η) which also is
an isomorphism of Clifford algebras Cℓ(V, η)→ Cℓ(V ′, η′).
In particular, any (isometric) automorphism
g : V ∋ v → g(v) ∈ V, η(g(v), g(v′)) = η(v, v′), g ∈ O(V, η),
of a pseudo-Euclidean generating space (V, η) is prolonged to an automorphism
of a ring Cℓ(V, η) which also is an automorphism of a Clifford algebra Cℓ(V, η).
Then we have a monomorphism
O(V, η)→ Aut[Cℓ(V, η) ]. (3.5)
of a group O(V, η) of automorphisms of a pseudo-Euclidean space (V, η) to
a group of ring automorphisms of Cℓ(V, η). Herewith, an automorphism g ∈
O(V, η) of a ring Cℓ(V, η) is the identity one iff its restriction to V is an identity
map of V . Consequently, the following is true.
Theorem 3.4: A subgroup O(V, η) ⊂ Aut[Cℓ(V, η) ] (3.5) exhausts all automor-
phisms of a ring Cℓ(V, η) which are automorphisms of a Clifford algebra Cℓ(V, η).

Remark 3.1: Elements of O(V, η) are represented by inner automorphisms
of Cℓ(V, η) as follows. Given an element w ∈ V , η(w,w) 6= 0, let
w⊥ = {v ∈ V ; η(v, w) = 0}
be a hyperplane in V which is pseudo-orthogonal to w with respect to a metric
η. Then any element v ∈ V is represented by a sum
v = u+
η(v, w)
η(w,w)
w, u ∈ w⊥.
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Let us consider the inner automorphism ŵ (3.2). Its restriction to V reads
ŵ : V ∋ v → wvw−1 = −v + 2 η(w, v)
η(w,w)
w ∈ V, (3.6)
η(wvw−1, wvw−1) = η(v, v).
It is an automorphism of (V, η). The transformation (3.6) is a composition of
the total reflection v → −v of V and a pseudo-orthogonal reflection
v → v − 2 η(w, v)
η(w,w)
w (3.7)
across a hyperplane w⊥. Since (−w)⊥ = w⊥, a pseudo-orthogonal reflection
across a hyperplane w⊥ coincides with that across a hyperplane (−w)⊥. There-
fore, the total reflection of V commutes with the pseudo-orthogonal reflection
(3.7) of V across a hyperplane and, as a consequence, with any inner auto-
morphism ŵ (3.6). It follows that any pseudo-orthogonal reflection (3.7) of V
across a hyperplane is a composition of the total reflection of V and some inner
automorphism (3.6) of V ⊂ Cℓ(V, η). Since a pseudo-Euclidean space V is of
even dimension, its total reflection also is an inner automorphism
(ŵ1 · · · ŵn)(v) = (w1 · · ·wn)v(w1 · · ·wn)−1 = −v, n = dimV. (3.8)
In this case, any pseudo-orthogonal reflection (3.7) of V across a hyperplane
is represented by some inner automorphism of V ⊂ Cℓ(V, η). By the well-
known Cartan–Dieudonne´ theorem, every element of a pseudo-orthogonal group
O(V, η) can be written as a composition of r ≤ dimV pseudo-orthogonal reflec-
tions (3.7) across hyperplanes in V and, consequently, as a composition of inner
automorphisms of V . Its prolongation onto a ring Cℓ(V, η) also is an inner
automorphism. 
Remark 3.1 gives something more. Let us consider a subgroup Cliff(V, η) ⊂
GCℓ(V, η) generated by all invertible elements of V ⊂ Cℓ(V, η). It is called the
Clifford group.
Theorem 3.5: The homomorphism ζ (3.3) of a Clifford group Cliff(V, η) to
Aut[Cℓ(V, η)] is its epimorphism
ζ : GCℓ(V, η) ⊃ Cliff(V, η)→ O(V, η) ⊂ Aut[Cℓ(V, η)]. (3.9)
onto O(V, η). 
Proof: The transformation (3.6) is an automorphism of (V, η) and, conse-
quently, an element of O(V, η). Thus, the homomorphism ζ (3.3) of a Clifford
group Cliff(V, η) to Aut[Cℓ(V, η)] factorizes through the homomorphism (3.9).
Conversely, it follows from Remark 3.1 that any element of O(V, η) is a compo-
sition of inner automorphisms (3.6) and (3.8) which are yielded by elements of
Cliff(V, η). Consequently, the homomorphism (3.9) is an epimorphism. 
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Due to the factorization (3.9), any ring automorphism v̂, v ∈ Cliff(V, η),
of Cℓ(V, η) also is an automorphism of a Clifford algebra Cℓ(V, η). However,
if (V ′, η′) is a different generating space of a ring Cℓ(V, η), we have a different
Clifford subgroup Cliff(V ′, η′) of a group GCℓ(V, η). Then a Clifford group
Cliff(V ′, η′) provides ring automorphisms of Cℓ(V, η), but not automorphisms
of a Clifford algebra Cℓ(V, η).
Example 3.2: Let us consider a ring Cℓ(2, 0) = Mat(2,R) (2.15) possessing
the Euclidean basis {e1, e2} (2.16). Its group of invertible elements (3.1) is
GL(2,R). Elements of this group reads
ae+ be1 + ce2 + de2e1 =
(
a+ c b + d
b− d a− c
)
. (3.10)
They constitute a four-dimensional real vector space with a basis {e, e1, e2, e2e1}.
Its elements {e1, e2, e2e1} generate a three-dimensional pseudo-Euclidean sub-
space (W,χ) of signature (+ +−) such that
ww′ + w′w = 2χ(w,w′)e, w,w′ ∈W.
Then any two-dimensional pseudo-Euclidean subspace V of W is a generating
space of a ring Cℓ(2, 0), and vice versa. The group (3.3) of automorphisms of a
ring Cℓ(2, 0) is
Aut[Cℓ(2, 0)] = PGL(2,R) = SL(2,R)/Z2 = SO(2, 1). (3.11)
Any automorphism of a ring Cℓ(2, 0) is an automorphism of (W,χ). Here-
with, different automorphisms of Cℓ(2, 0) yield the distinct ones of W . Conse-
quently, there is a monomorphism Aut[Cℓ(2, 0)]→ O(2, 1). However, reflections
e1 → −e1, e2 → −e2 and e2e1 → −e2e1 of W fail to be ring automorphisms
because they are identity automorphisms of some two-dimensional subspaces of
W . Therefore, we have the monomorphism (3.11). Elements of SO(2, 1) are
given by compositions of automorphisms
M̂α
 e1e2
e2e1
 =
cosα − sinα 0sinα cosα 0
0 0 1
 e1e2
e2e1
 , (3.12)
M̂s
 e1e2
e2e1
 =
1 0 00 cosh s sinh s
0 sinh s cosh s
 e1e2
e2e1
 (3.13)
T̂
 e1e2
e2e1
 =
−1 0 00 1 0
0 0 −1
 e1e2
e2e1
 (3.14)
of W . Note that automorphisms Mα (3.12) and T (3.14) constitute a subgroup
O(2) ⊂ SO(2, 1) of automorphism of a Clifford algebra Cℓ(2, 0) possessing an
Euclidean generating basis {e1, e2}. They are inner automorphisms (3.2) gen-
erated, e.g., by the elements(3.10):
Mα = e cos(α/2)− e2e1 sin(α/2), T = e2, (3.15)
20
of a group O(2,R) ⊂Mat(2,R). It should be however emphasized that there is
no monomorphism
Aut[Cℓ(2, 0)] ⊃ O(2,R)→ Mat(2,R),
whereas there exists an epimorphism
Mat(2,R) ⊃ O(2,R)→ O(2,R) ⊂ Aut[Cℓ(2, 0)]. (3.16)

Example 3.3: Let us consider the Clifford algebra Cℓ(4, 0) = Mat(2,H) (2.20)
whose generating Euclidean space V possesses the basis {ǫ0, ǫ1, ǫ2, ǫ3} (2.46). Its
elements {ǫ0, ǫ1, ǫ2, ǫ3, ǫ5} (see the notation (2.47)) make up a basis for a five-
dimensional Euclidean space (W,χ) such that
ww′ + w′w = 2χ(w,w′)e, w,w′ ∈W.
Similarly to Example 3.2, one can show that
Aut[Cℓ(4, 0)] = PGL(2,H) = SO(5).
Due to the isomorphisms (2.20), this also is the case of real rings Cℓ(1, 3) and
Cℓ(0, 4). 
Example 3.4: Let us consider the Clifford algebra Cℓ(3, 1) = Mat(4,HR)
(2.25). Its automorphism group is
Aut[Cℓ(3, 1)] = PGL(4,R) = SL(4,R)/Z4. (3.17)

3.2 Pin and Spin groups
The epimorphism (3.9) yields an action of a Clifford group Cliff(V, η) in a
pseudo-Euclidean space (V, η) by the adjoint representation (3.2). However,
this action is not effective. Therefore, one consider subgroups Pin(V, η) and
Spin(V, η) of Cliff(V, η). The first one is generated by elements v ∈ V such that
η(v, v) = ±1. A group Spin(V, η) is defined as an intersection
Spin(V, η) = Pin(V, η) ∩ Cℓ0(V, η) (3.18)
of a group Pin(V, η) and the even subring Cℓ0(V, η) of a Clifford algebra Cℓ(V, η).
In particular, generating elements v ∈ V of Pin(V, η) do not belong to its sub-
group Spin(V, η). Their images under the epimorphism ζ (3.9) are reflections
(3.6) of V .
Theorem 3.6: The epimorphism (3.9) restricted to the Pin and Spin groups
leads to short exact sequences of groups
e→ Z2 −→ Pin(V, η) ζ−→O(V, η)→ e. (3.19)
e→ Z2 −→ Spin(V, η) ζ−→SO(V, η)→ e, (3.20)
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where Z2 → (e,−e) ⊂ Spin(V, η). 
It should be emphasized that an epimorphism ζ in (3.19) and (3.20) is not a
trivial bundle unless η is of signature (1, 1) (see Example 3.6). It is a universal
coverings over each component of O(V, η).
Example 3.5: Let us consider the Clifford algebra Cℓ(2, 0) = Mat(2,R)
(2.15) possessing the Euclidean basis {e1, e2} (2.16) (Example 3.2). Then a
group Pin(2, 0) is generated by elements
a1e
1 + a2e
2, a21 + a
2
2 = − det(a1e1 + a2e2) = 1, a1, a2 ∈ R.
An even subring of Cℓ(2, 0) is represented by matrices ae+ bτ2, a, b ∈ R. Then
a group Spin(2, 0) consists of elements
a1+ be2e1, det(ae+ be2e1) = a2 + b2 = 1, a, b ∈ R,
i.e., of matricesMα (3.15) which constitute a group SO(2,R). The epimorphism
(3.20) reads
Mat(2,R) ⊃ SO(2,R)→ SO(2,R) ⊂ Aut[Cℓ(2, 0)]. (3.21)
(cf. (3.16)). Its kernel ζ−1(e) is a subgroup (e,−e) of SO(2,R). 
Example 3.6: Let us consider the Clifford algebra Cℓ(1, 1) = Mat(2,R)
(2.15). Its generating pseudo-Euclidean space possesses a basis {e1, e1e2}. Then
a group Pin(1, 1) is generated by elements
a1e
1 + a2e
1e2, a21 − a22 = det(a1e1 + a2e1e2) = ±1, a1, a2 ∈ R.
An even subring of Cℓ(1, 1) is represented by matrices ae+ be2, a, b ∈ R. Then
a group Spin(1, 1) consists of elements
ae+ be2, det(ae + be2) = a2 − b2 = ±1, a, b ∈ R,
i.e., of elements
±[(cosh s)e+ (sinh s)e2] = ± exp(se2) = ±Ms, ±e2Ms.
It is isomorphic to a group Z2 × Z2 × R+, where R+ is a group of positive real
numbers. Its epimorphism ζ (3.20) onto a subgroup SO(1, 1) of Aut[Cℓ(2, 0)] =
SO(2, 1) has the kernel (e,−e) = Z2 × e × e. It is readily observed that ζ(e2)
is a total reflection of R2. Therefore the exact sequence (3.20) for Spin(1, 1) is
reduced to the exact sequence
e→ Z2 −→ Spin+(1, 1) ζ−→SO0(1, 1)→ e
where Spin+(1, 1) = Z2×R+ is a subgroup of matrices ±Ms and SO0(1, 1) is a
connected component of the unit of SO(1, 1). 
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Example 3.7: Let the Clifford algebra Cℓ(1, 3) = Mat(2,H) (2.20) be rep-
resented as a subalgebra of the complex Clifford algebra CCℓ(4) = Mat(4,C)
(2.45) whose generating elements are Dirac’s matrices (γ˜0, γ˜j) (2.23). A group
Pin(1, 3) is generated by matrices
aµγ˜
µ, a20 −
∑
i=1,2,3
a2i = det(a01+ aiσ
i) = ±1, aµ ∈ R, (3.22)
det(aµγ˜
µ) =
a20 − ∑
i=1,2,3
a2i
2 = 1.
A group Spin(1, 3) is a subgroup of Pin(1, 3) whose elements are even products
of the matrices (3.22). It is generated by matrices
(a0γ˜
0 + aiγ˜
i)(b0γ˜
0 + biγ˜
i) = (a01+ aiγ˜
iγ˜0)(b01+ biγ˜
0γ˜i), aµ, bµ ∈ R,
det(a01+ aiσ
i) = ±1, det(b01+ biσi) = ±1,
det(aµγ˜
µ) = det(bµγ˜
µ) = 1.
Then elements of Spin(1, 3) take a form(
c01+ ciσ
i 0
0 c01− ciσi
)
, cµ ∈ C,
det(c01+ ciσ
i) = det(c01− ciσi) = ±1.
They read
MA =
(
A 0
0 TrA∗1−A∗
)
, (3.23)
where A are complex (2× 2)-matrices such that
detA = det(TrA∗1−A∗) = ±1.
A group Spin(1, 3) contains two connected components Spin+(1, 3) and Spin−(1, 3)
which consist of the elements (3.23) with detA = 1 and detA = −1, respec-
tively. Being a connected component of the unity, the first one is a group
SL(2,C). Elements of Spin−(1, 3) come from elements of Spin+(1, 3) by means
of multiplication
Spin+(1, 3) ∋MA →Mi1MA ∈ Spin−(1, 3).
We have the exact sequence (3.20):
e→ Z2 −→ Spin(1, 3) ζ−→SO(1, 3)→ e, (3.24)
where ζ(Mi1) ∈ SO(1, 3) is a total reflection. This exact sequence is restricted
to the exact sequence
e→ Z2 −→ Spin+(1, 3) ζ−→SO0(1, 3)→ e (3.25)
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where SO0(1, 3), called the proper Lorentz group, is a connected component of
the unit of SO(1, 3). Let us denote
Ls = Spin
+(1, 3) = SL(2,C), L = SO0(1, 3). (3.26)
Group spaces of Ls and L are topological spaces S
3×R3 and RP 3×R3, respec-
tively. 
Example 3.8: Let the Clifford algebra Cℓ(4, 0) = Mat(2,H) (2.20) be rep-
resented as a subalgebra of the complex Clifford algebra CCℓ(4) = Mat(4,C)
(2.45) whose generating elements are the matrices (γ˜0,−iγ˜j) (2.23). A group
Pin(4, 0) is generated by matrices
a0γ˜
0 + iaiγ˜
i,
∑
µ=0,...,3
a2µ = det(a01+ aiτ
i) = 1, aµ ∈ R,(3.27)
det(a0γ˜
0 + iaiγ˜
i) =
( ∑
µ=0,1,2,3
a2µ
)2
= 1.
A group Spin(4, 0) is a subgroup of Pin(4, 0) whose elements are even products
of the matrices (3.27). It is generated by matrices
(a0γ˜
0 + iaiγ˜
i)(b0γ˜
0 + ibiγ˜
i) = (a01+ iaiγ˜
iγ˜0)(b01+ ibiγ˜
0γ˜i), aµ, bµ ∈ R,
det(a01+ aiτ
i) = det(b01+ biτ
i) = 1,
det(a0γ˜
0 + iaiγ˜
i) = det(b0γ˜
0 + ibiγ˜
i) = 1,
which take a form (
c01+ ciτ
i 0
0 d01+ diτ
i
)
, cµ, dµ ∈ R,
det(c01+ ciτ
i) = det(d01+ diτ
i) = 1.
Then elements of Spin(4, 0) read(
A 0
0 B
)
, detA = detB = 1, (3.28)
where A, B are unimodular unitary complex (2 × 2)-matrices. Thus, a group
Spin(4, 0) is isomorphic to a product SU(2) × SU(2). It contains a subgroup
(e, γ0) such that ζ(γ0) is a total reflection of R4. Thus, the exact sequence
(3.20) is reduced
e→ Z2 −→ Spin+(4, 0) ζ−→SO(3)× SO(3)→ e (3.29)
where Spin+(4, 0) = Z2 × SU(2)/Z2 × SU(2)/Z2 and Z2 = (e,−e). 
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3.3 Automorphisms of complex Clifford algebras
Let CCℓ(n) be the complex Clifford algebra (2.35) of even n.
Theorem 3.7: All automorphisms of a complex Clifford algebra CCℓ(n) are
inner. 
Proof: By virtue of Theorem 2.9, there is the ring isomorphism (2.43):
CCℓ(n) = Mat(2n/2,C). (3.30)
In accordance with Corollary 2.10, this algebra is a central simple complex al-
gebra with the center Z = C. In accordance with the above-mentioned Skolem–
Noether theorem automorphisms of these algebras are inner. 
Theorem 3.8: Invertible elements of the Clifford algebra (3.30) constitute a
general linear group GL(2n/2,C). 
Theorem 3.9: Acting in CCℓ(n) by left and right multiplications, this group
also acts in a Clifford algebra by the adjoint representation, and we obtain an
epimorphism
GL(2n/2,C)→ PGL(2n/2,C) = Aut[Cℓ(n)].
and a group of its automorphisms is a projective linear group
Aut[Cℓ(n)] = PGL(2n/2,C) = GL(2n/2,C)/C = (3.31)
SL(2n/2,C)/Z2n/2 .

Automorphisms of its real subrings Cℓ(n, 0) yield automorphisms of CCℓ(n),
but do not exhaust all automorphisms of CCℓ(n) (Theorem 3.10).
Let us note that automorphisms under discussions need not be automor-
phisms of CCℓ(n) as an involutive algebra (Remark 3.10)
Any automorphism g of a complex Clifford algebra CCℓ(n) sends its Eu-
clidean generating space (V , κ) onto some generating space
(V ′, κ′), κ′(g(v), g(v′)) = κ(v, v′), v, v′ ∈ V ,
which is the Euclidean one with respect to the basis {g(ei}. If g preserves V ,
then
κ(g(v), g(v′)) = κ(v, v′), v, v′ ∈ V ,
i.e., g is an automorphism of a metric space (V , κ).
Conversely, any automorphism
g : V ∋ v → gv ∈ V , κ(g(v), g(v′)) = κ(v, v′), g ∈ O(n,C),
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of an Euclidean generating space (V , κ) is prolonged to an automorphism of a
ring CCℓ(n). Then we have a monomorphism
O(n,C)→ Aut[CCℓ(n)] (3.32)
of a group O(n,C) of automorphisms of an Euclidean generating space (V , κ)
to a group of ring automorphisms of CCℓ(n). Herewith, an automorphism g ∈
O(n,C) of a complex ring CCℓ(n) is the identity one iff its restriction to V is an
identity map of V . Consequently, the following is true.
Theorem 3.10: All ring automorphisms of a complex Clifford algebra CCℓ(n)
preserving its Euclidean generating space constitute a group O(n,C). 
Let ZCCℓ(n) denote a set of Euclidean generating spaces of a complex Clif-
ford algebra CCℓ(n). If n > 1, a set ZCCℓ(n) contains more than one element.
Indeed, let V be a generating space of CCℓ(n) spanned by its Euclidean basis
{e1, . . . , en}. Then, {e1, ie1e2, . . . , ie1en} is an Euclidean basis for a different
generating space of CCℓ(n).
Lemma 3.11: A group Aut[CCℓ(n)] of ring automorphism of a complex Clifford
algebra CCℓ(n) acts in a set ZCCℓ(n) effectively and transitively, i.e., no element
Aut[CCℓ(n)] ∋ g 6= e is the identity morphism of ZCCℓ(n) and, for any two
different elements of ZCCℓ(n), there exists a ring automorphism of CCℓ(n) which
sends them onto each other. 
Proof: Let an automorphism Aut[CCℓ(n)] ∋ g 6= e preserves some Euclidean
generating space (V , κ) of CCℓ(n). There exists an element v ∈ V such that
v2 = e and g(v) 6= v. Then V admits an Euclidean basis {v, e2, . . . , en}, and
there exists a different generating space of CCℓ(n) possessing an Euclidean basis
{v, ve2, . . . , ven}. It is not preserved by an automorphism g. Let V and V ′ be
two different generating spaces of CCℓ(n) with Euclidean bases {e1, . . . , en} and
{e′1, . . . , e′n}, respectively. Then an association ei → e′i provides an isomor-
phism V → V ′ which is extended to an automorphism of CCℓ(n). 
It follows from Theorem 3.10 and Lemma 3.11 that, if n > 1, a set ZCCℓ(n)
of generating spaces of a complex Clifford algebra CCℓ(n) is a homogeneous
space
ZCCℓ(n) = PGL(2n/2,C)/O(n,C). (3.33)
Given a complex Clifford algebra CCℓ(n), let Cℓ(m,n−m) be a real Clifford
algebra. Due to the canonical ring monomorphism Cℓ(m,n − m) → CCℓ(n)
(2.38), there is the canonical group monomorphism
GCℓ(m,n−m)→ Mat(2n/2,C). (3.34)
Since all ring automorphisms of a Clifford algebra are inner (Theorem 3.1), they
are extended to inner automorphisms of a complex Clifford algebra CCℓ(n) and,
consequently, there is a group monomorphism
Aut[Cℓ(m.n−m)]→ PGL(2n/2,C). (3.35)
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Example 3.9: Let us consider the complex Clifford algebraCCℓ(2) = Mat(2,C)
(2.44). It possesses an Euclidean basis {e1, e2} obeying the relations (2.36). Its
elements {e1, e2, ie1e2} form a basis for a three-dimensional complex subspace
W of CCℓ(2) provided with a non-degenerate bilinear form χ such that
ww′ + w′w = 2χ(w,w′)e, w,w′ ∈W.
Then any two-dimensional generating space of CCℓ(2) is a subspace of W , and
any ring automorphism of CCℓ(2) is that of W . By virtue of Theorem 3.7, the
group of automorphisms of CCℓ(2) is
Aut[CCℓ(2)]→ SL(2,C)/Z2 = SO(3,C). (3.36)
Elements of SO(3,C) are given by compositions of automorphisms
âφs
 e1e2
e1e2
 =
cos(φ+ is) − sin(φ+ is) 0sin(φ+ is) cos(φ+ is) 0
0 0 1
 e1e2
e1e2
 , (3.37)
âθr
 e1e2
e1e2
 =
1 0 00 cos(θ + ir) i sin(θ + ir)
0 i sin(θ + ir) cos(θ + ir)
 e1e2
e1e2
 (3.38)
of W . In accordance with the relation (3.33) and the isomorphism (3.36), we
obtain a set
ZCCℓ(2) = SO(3,C)/O(2,C) (3.39)
of generating spaces of a complex Clifford algebra CCℓ(2). The automorphisms
(3.37) – (3.38) are inner automorphisms
âφs(a) = aφsaa
−1
φs , âθr(a) = aθraa
−1
θr , a ∈ CCℓ(2), (3.40)
aφs = e cos(φ/2 + is/2) + e
1e2 sin(φ/2 + is/2), (3.41)
a−1φs = e cos(φ/2 + is/2)− e1e2 sin(φ/2 + is/2),
aθr = e cos(θ/2 + ir/2) + ie
1 sin(θ/2 + ir/2), (3.42)
a−1θr = e cos(θ/2 + ir/2)− ie1 sin(θ/2 + ir/2),
In particular, the Spin groups Spin(2, 0), Spin(0, 2) and Spin(1, 1) in Ex-
amples 3.5 and 3.6 yield inner automorphism âφ,0 and â0,s (3.37) of CCℓ(2),
respectively. There are natural injections of a group SO(2) = ζ(Spin(2, 0)) of
automorphisms of a Clifford algebra Cℓ(2, 0), a group SO(1, 1) = ζ(Spin(1, 1)) of
automorphisms of a Clifford algebra Cℓ(1, 1) and a group SO(2) = ζ(Spin(0, 2))
of automorphisms of a Clifford algebra Cℓ(0, 2) to SO(3,C). 
Remark 3.10: Let us note that automorphisms âφs6=0 (3.37) and âθr 6=0 (3.38)
do not transform Hermitian elements to Hermitian elements, and thus they are
not automorphisms of an involutive algebra CCℓ(2). 
Example 3.11: Let us consider the complex Clifford algebra CCℓ(4) =
Mat(4,C) (2.45) possessing an Euclidean basis {ǫµ}. Its elements {ǫµ, ǫ5} form
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a basis for a five-dimensional complex subspace W of CCℓ(4) provided with a
non-degenerate bilinear form χ such that
ww′ + w′w = 2χ(w,w′)e, w,w′ ∈W.
Then any four-dimensional complex subspace V of W provided with an induced
bilinear form is a generating space of a complex Clifford algebra CCℓ(4). By
virtue of Theorem 3.7, the group of automorphisms of CCℓ(4) is
Aut[CCℓ(4)] = PGL(4,C) = SO(6,C)/Z2. (3.43)
Then in accordance with the relation (3.33), we obtain a set
ZCCℓ(4) = PGL(4,C)/O(4,C) (3.44)
of generating spaces of a complex Clifford algebra CCℓ(4). 
4 Spinor spaces of complex Clifford algebras
As was mentioned above, we define spinor spaces in terms of Clifford algebras.
Definition 4.1: A real spinor space Ψ(m,n−m) is defined as a carrier space
of an irreducible representation of a Clifford algebra Cℓ(m,n−m). 
It also carries out a representation of the corresponding group Spin(m,n−
m) ⊂ Cℓ(m,n−m) [9].
If n is even, such a real spinor space is unique up to an equivalence in
accordance with Theorem 2.7. However, Examples 2.4 – 2.5 of Clifford algebras
Cℓ(0, 2) and Cℓ(2, 0), respectively, show that spinor spaces Ψ(m,n − m) and
Ψ(m′, n−m′) need not be isomorphic vector spaces for m′ 6= m.
For instance, a Dirac spinor space is defined to be a spinor space Ψ(1, 3)
of a Clifford algebra Cℓ(1, 3) (Example 2.6). It differs from a Majorana spinor
space Ψ(3, 1) of a Clifford algebra Cℓ(3, 1) (Example 2.7). In contrast with the
four-dimensional real matrix representation (2.26) of Cℓ(3, 1), a representation
of a real Clifford algebra Cℓ(3, 1) by complex Dirac’s matrices (2.22) is not a
representation a real Clifford algebra by virtue of Definition 2.3. From the
physical viewpoint, Dirac spinor fields describing charged fermions are complex
fields.
Therefore, we consider complex spinor spaces.
Definition 4.2: A complex spinor space Ψ(n) is defined as a carrier space of
an irreducible representation of a complex Clifford algebra CCℓ(n). 
Since n is even, a representation Ψ(n) is unique up to an equivalence in
accordance with Theorem 2.12. Therefore, it is sufficient to describe a complex
spinor space Ψ(n) as a subspace of a complex Clifford algebra CCℓ(n) which
acts on Ψ(n) by left multiplications.
Given a complex Clifford algebra CCℓ(n), let us consider its non-zero minimal
left ideal which Cℓ(n) acts on by left multiplications. It is a finite-dimensional
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complex vector space. Therefore, an action of a complex Clifford algebra CCℓ(n)
in a minimal left ideal by left multiplications defines a linear representation of
CCℓ(n). It obviously is irreducible. In this case, a minimal left ideal of CCℓ(n)
is a complex spinor space Ψ(n). Thus, we come to an equivalent definition of a
complex spinor space.
Definition 4.3: Complex spinor spaces Ψ(n) are minimal left ideals of a com-
plex Clifford algebra CCℓ(n) which carry out its irreducible representation (1.2).

By virtue of Theorem 2.9, there is a ring isomorphismCCℓ(n) = Mat(2n/2,C)
(3.30). Then we come to the following.
Theorem 4.1: A spinor representation of a Clifford algebraCCℓ(n) is equivalent
to the canonical representation of Mat(2n/2,C) by matrices in a complex vector
space C2
n/2
, i.e., Ψ(n) = C2
n/2
. 
Corollary 4.2: A spinor space Ψ(n) ⊂ CCℓ(n) also carries out the left-regular
irreducible representation of a groupGL(2n/2,C) = GCCℓ(n) which is equivalent
to the natural matrix representation of GL(2n/2,C) in C2
n/2
. 
Corollary 4.3: Owing to the monomorphism Cℓ(m,n−m)→ CCℓ(n) (2.38),
a spinor space Ψ(n) also carries out a representation of real Clifford algebras
Cℓ(m,n−m), their Clifford¡ Pin and Spin groups, though these representation
need not be reducible. 
In order to describe complex spinor spaces in accordance with Definition 4.3,
we are based on the following (Theorem 4.6).
Lemma 4.4: If a minimal left ideal Q of a complex Clifford algebra CCℓ(n) is
generated by an element q, then q2 = λq, λ ∈ C. 
Proof: Let q ∈ Q such that q2 6= λq, λ ∈ C. There are two variants: (i)
qN = 0 starting with some natural number N > 2, (ii) there is no m > 2 such
that qm = 0. In the first case, let us consider a left ideal Q′ generated by
qN−1 = qN−2q ∈ Q. It does not contains q because, if q = bqN−1, b ∈ CCℓ(n),
then q2 = bqN = 0 that contradicts the condition q2 6= λq. Thus, a left ideal
Q′ is a proper subset of Q, i.e., Q fails to be minimal. In the second variant,
since q2 6= λq and Q is a finite-dimensional complex space, there exists a natural
number m > 2 such that elements qr, r = 2, . . . ,m, are linearly dependent, i.e.,
m∑
r=2
λrq
r = 0, λr ∈ C.
This equality is brought into the form qpc = cqp = 0, c ∈ CCℓ(n) for some
1 < p < m. Let us consider a left ideal Q′ generated by an element cqp−1 =
(cqp−2)q ∈ Q. It does not contains an element q because, if q = bcqp−1, b ∈
CCℓ(n), then q2 = bcqp = 0 that contradicts the condition q2 6= λq. Thus, a left
ideal Q′ is a proper subset of Q, i.e., Q fails to be minimal. 
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Lemma 4.4 gives something more. Since a minimal left ideal Q of CCℓ(n) is
generated by any its element, each element q ∈ Q possesses a property q2 = λq,
λ ∈ C.
Lemma 4.5: A minimal left ideal of a complex Clifford algebra CCℓ(n) contains
a non-zero Hermitian element, and thus it is generated by a Hermitian element.

Proof: Let q 6= 0 be an element of Q. Then, q∗q 6= 0 in accordance with the
inequality (2.42), and this is a Hermitian element of Q. 
By virtue of Lemmas 4.4 – 4.5, any minimal left ideal of a complex Clif-
ford algebra CCℓ(n) is generated by a Hermitian idempotent p = p∗, p2 = p.
Of course, it is not invertible because invertible elements generate an algebra
CCℓ(n) which contains proper left ideals. It is readily observed that any Her-
mitian idempotent takes a form
p =
1
2
(e+ s), s2 = e, s∗ = s, s 6= e. (4.1)
Thus, the following has been proved.
Theorem 4.6: Any complex spinor space Ψ(n) is generated by some Hermitian
idempotent p ∈ Ψ(n) (4.1). 
The converse however need not be true.
Example 4.1: Let us consider a Hermitian idempotent p ∈ Mat(2n/2,C)
whose non-zero component is only p11 = 1. It generates a minimal left ideal
Ψ11(n) ⊂ Mat(2n/2,C) which consists of matrices a ∈ Mat(2n/2,C) whose
columns, except a1i equal zero. 
Certainly, an automorphism of a Clifford algebra CCℓ(n) sends a spinor space
onto a spinor space.
Lemma 4.7: An action of a group PGL(2n/2,C) of automorphisms of CCℓ(n)
in a set SΨ(n) of spinor spaces is transitive. 
Proof: Let Ψ(n) and Ψ′(n) are spinor space defined by Hermitian idempotents
p ∈ Mat(2n/2,C) and p ∈ Mat(2n/2,C). Since right-regular representation
of a group GL(2n/2,C) in Mat(2n/2,C) is transitive, there exists an element
g ∈ Mat(2n/2,C) so that p′ = pg−1. Then a spinor space Ψ′(n) is generated
by an idempotent gpg−1, and an inner automorphism a → gpg−1, a ∈ CCℓ(n),
sends Ψ(n) onto Ψ′(n). 
Given a spinor space Ψ(n), let GΨ(n) be a subgroup of PGL(2n/2,C) which
preserves Ψ(n). Then it follows from Lemma 4.7 that a set of spinor spaces
SΨ(n) is bijective to the quotient
SΨ(n) = PGL(2n/2,C)/GΨ(n). (4.2)
For instance, let Ψ11(n) be a spinor space in Example 4.1. Its stabilizer
GΨ11(n) consists of inner automorphisms generated by elements g ∈ Mat(2n/2,C)
with components gk1 = 0, 1 < k.
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5 Reduced structures
This section addresses gauge theory on principal bundles in a case of sponta-
neous symmetry breaking [4, 10, 19].
5.1 Reduced structures in gauge theory
Let G be a real Lie group whose unit is denoted by 1. A fibre bundle
πP : P → X (5.1)
is called a principal bundle with a structure group G if it admits an action of G
on P on the right by a fibrewise morphism
RP : G×
X
P −→
X
P, Rg : p→ pg, πP (p) = πP (pg), p ∈ P, (5.2)
which is free and transitive on each fibre of P . It follows that:
• a typical fibre of P (5.1) is a group space of G, which a structure group G
acts on by left multiplications;
• the quotient of P with respect to the action (5.2) of G is diffeomorphic to
a base X , i.e., P/G = X ;
• a principal bundle P is equipped with a bundle atlas
ΨP = {(Uα, ψPα ), ̺αβ} (5.3)
whose trivialization morphisms
ψPα : π
−1
P (Uα)→ Uα ×G
obey a condition
ψPα (pg) = gψ
P
α (p), g ∈ G, (5.4)
and transition functions ̺αβ are local G-valued functions.
For short, we call P (5.1) the principal G-bundle.
Due to the property (5.4), every trivialization morphism ψPα determines a
unique local section zα : Uα → P such that
(ψPα ◦ zα)(x) = 1, x ∈ Uα.
A transformation law for zα reads
zβ(x) = zα(x)̺αβ(x), x ∈ Uα ∩ Uβ . (5.5)
Conversely, a family
ΨP = {(Uα, zα), ̺αβ} (5.6)
of local sections of P which obey the transformation law (5.5) determines the
unique bundle atlas ΨP (5.3) of a principal bundle P .
Corollary 5.1: It follows that a principal bundle admits a global section iff
it is trivial. 
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Example 5.1: Let H be a closed subgroup of a real Lie group G. Then H is
a Lie group. Let G/H be the quotient of G with respect to an action of H on
G by right multiplications. Then
πGH : G→ G/H (5.7)
is a principal H-bundle. If H is a maximal compact subgroup of G, the quotient
G/H is diffeomorphic to an Euclidean manifold Rm and the principal bundle
(5.7) is trivial, i.e., G is diffeomorphic to a product Rm ×H . 
Remark 5.2: If f : X ′ → X is a manifold morphism, the pull-back f∗P → X ′
of a principal bundle also is a principal bundle with the same structure group
as of P . 
Remark 5.3: Let P → X and P ′ → X ′ be principal G- and G′-bundles,
respectively. A bundle morphism Φ : P → P ′ is a morphism of principal bundles
if there exists a Lie group homomorphism γ : G → G′ such that Φ(pg) =
Φ(p)γ(g). 
In accordance with Remark 5.3, an automorphism ΦP of a principal G-
bundle P is called principal if it is equivariant under the right action (5.2) of a
structure group G on P , i.e.,
ΦP (pg) = ΦP (p)g, g ∈ G, p ∈ P. (5.8)
In particular, every vertical principal automorphism of a principal bundle P is
represented as
ΦP (p) = pf(p), p ∈ P, (5.9)
where f is a G-valued equivariant function on P , i.e.,
f(pg) = g−1f(p)g, g ∈ G. (5.10)
Note that there is one-to-one correspondence
s(πP (p))p = pf(p), p ∈ P, (5.11)
between the equivariant functions f (5.10) (consequently, the vertical automor-
phisms of P ) and the global sections s of the group bundle PG (5.13) (Example
5.4).
Let P (5.1) be a principal bundle and V a smooth manifold that on a group
G acts on the left. Let us consider the quotient
Y = (P × V )/G (5.12)
of a product P × V by identification of elements (p, v) and (pg, g−1v) for all
g ∈ G. It is a fibre bundle with a structure group G and a typical fibre V which
32
is said to be associated to be associated to the principal G-bundle P . For the
sake of brevity, we call it the P -associated bundle.
Example 5.4: A P -associated group bundle is defined as the quotient
πPG : P
G = (P ×G)/G→ X, (5.13)
where a structure group G which acts on itself by the adjoint representation.
There is the following fibre-to-fibre action of the group bundle PG on any P -
associated bundle Y (5.12):
PG×
X
Y →
X
Y, ((p, g)/G, (p, v)/G)→ (p, gv)/G, g ∈ G, v ∈ V.
For instance, the action of PG on P in the formula (5.11) is of this type. 
The peculiarity of the P -associated bundle Y (5.12) is the following.
• Every bundle atlas ΨP = {(Uα, zα)} (5.6) of P defines a unique associated
bundle atlas
Ψ = {(Uα, ψα(x) = [zα(x)]−1)} (5.14)
of the quotient Y (5.12).
• Any principal automorphism ΦP (5.8) of P yields a unique principal au-
tomorphism
ΦY : (p, v)/G→ (ΦP (p), v)/G, p ∈ P, v ∈ V, (5.15)
of the P -associated bundle Y (5.12).
Remark 5.5: In classical gauge theory on a principal bundle P , matter fields
are described as sections of P -associated bundles (5.12). 
As was mentioned above, spontaneous symmetry breaking in classical gauge
theory on a principal bundle P → X is characterized by a reduction of a struc-
ture group of P [4, 16, 22]
Let H and G be Lie groups and φ : H → G a Lie group homomorphism.
If PH → X is a principal H-bundle, there always exists a principal G-bundle
PG → X together with the principal bundle morphism
Φ : PH −→
X
PG (5.16)
over X (Remark 5.3). It is a PH -associated bundle
PG = (PH ×G)/H
with a typical fibre G which on H acts on the left by the rule h(g) = φ(h)g,
while G acts on PG as
G ∋ g′ : (p, g)/H → (p, gg′)/H.
Conversely, if PG → X is a principal G-bundle, a problem is to find a
principal H-bundle PH → X together with the principal bundle morphism
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(5.16). If H → G is a group epimorphism, one says that PG gives rise to PH .
If H → G is a closed subgroup, we have the structure group reduction. In this
case, the bundle monomorphism (5.16) is called a reduced H-structure.
Let P (5.1) be a principal G-bundle, and let H , dimH > 0, be a closed
subgroup of G. Then we have a composite bundle
P → P/H → X, (5.17)
where
PΣ = P
piPΣ−→P/H (5.18)
is a principal bundle with a structure group H and
Σ = P/H
piΣX−→X (5.19)
is a P -associated bundle with a typical fibre G/H which on a structure group
G acts on the left (Example 5.1).
Definition 5.1: One says that a structure Lie group G of a principal bundle P
is reduced to its closed subgroup H if the following equivalent conditions hold.
• A principal bundle P admits a bundle atlas ΨP (5.3) with H-valued tran-
sition functions ̺αβ .
• There exists a reduced principal subbundle PH of P with a structure group
H . 
Remark 5.6: It is easily justified that these conditions are equivalent. If
PH ⊂ P is a reduced principal subbundle, its atlas (5.6) given by local sections
zα of PH → X is a desired atlas of P . Conversely, let ΨP = {(Uα, zα), ̺αβ} (5.6)
be an atlas of P with H-valued transition functions ̺αβ. For any x ∈ Uα ⊂ X ,
let us define a submanifold zα(x)H ⊂ Px. These submanifolds form a desired
H-subbundle of P because
zα(x)H = zβ(x)H̺βα(x)
on the overlaps Uα ∩ Uβ. 
A key point is the following.
Theorem 5.2: There is one-to-one correspondence
P h = π−1PΣ(h(X)) (5.20)
between the reduced principal H-subbundles ih : P
h → P of P and the global
sections h of the quotient bundle P/H → X (5.19) [4, 7]. 
In classical field theory, global sections of a quotient bundle P/H → X are
interpreted as classical Higgs fields [4, 12, 16, 22].
Corollary 5.3: A glance at the formula (5.20) shows that a reduced princi-
pal H-bundle P h is the restriction h∗PΣ of a principal H-bundle PΣ (5.18) to
h(X) ⊂ Σ. Any atlas Ψh of a principal H-bundle P h defined by a family of
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local sections of P h → X also is an atlas of a principal G-bundle P and the
P -associated bundle Σ→ X (5.19) with H-valued transition functions (Remark
5.6). Herewith, a Higgs field h written with respect to an atlas Ψh takes its
values into the center of a quotient G/H . 
Remark 5.7: Let P h be a reduced principal H-subbundle of a principal G-
bundle in Corollary 5.3. Any principal automorphism gφ of P h gives rise to a
principal automorphism of P by means of the relation φ(P hg) = φ(P h)g, g ∈ G.

In general, there is topological obstruction to reduction of a structure group
of a principal bundle to its subgroup.
Theorem 5.4: The structure group G of a principal bundle P always is re-
ducible to its closed subgroup H , if the quotient G/H is diffeomorphic to a
Euclidean space Rm. 
In particular, this is the case of a maximal compact subgroup H of a Lie
group G (Example 5.1). Then the following is a corollary of Theorem 5.4 [24].
Theorem 5.5: A structure group G of a principal bundle always is reducible
to its maximal compact subgroup H . 
Given different Higgs fields h and h′, the corresponding principalH-subbundles
P h and P h
′
of a principal G-bundle P fail to be isomorphic to each other in
general [4, 16].
Theorem 5.6: Let a structure Lie group G of a principal bundle be reducible
to its closed subgroup H .
• Every vertical principal automorphism Φ of P sends a reduced principal
H-subbundle P h of P onto an isomorphic principal H-subbundle P h
′
.
• Conversely, let two reduced principal subbundles P h and P h′ of a principal
bundle P → X be isomorphic to each other, and let Φ : P h → P h′ be their
isomorphism over X . Then Φ is extended to a vertical principal automorphism
of P . 
Proof: Let
Ψh = {(Uα, zhα), ̺hαβ} (5.21)
be an atlas of a reduced principal subbundle P h, where zhα are local sections of
P h → X and ̺hαβ are the transition functions. Given a vertical automorphism
Φ of P , let us provide a subbundle P h
′
= Φ(P h) with an atlas
Ψh
′
= {(Uα, zh
′
α ), ̺
h′
αβ} (5.22)
given by the local sections zh
′
α = Φ◦ zhα of P h
′ → X . Then it is readily observed
that
̺h
′
αβ(x) = ̺
h
αβ(x), x ∈ Uα ∩ Uβ. (5.23)
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Conversely, any isomorphism (Φ, IdX) of reduced principal subbundles P h and
P h
′
of P defines an H-equivariant G-valued function f on P h given by the
relation
pf(p) = Φ(p), p ∈ P h.
Its prolongation to a G-equivariant function on P is defined as
f(pg) = g−1f(p)g, p ∈ P h, g ∈ G.
In accordance with the relation (5.9), this function provides a vertical principal
automorphism of P whose restriction to P h coincides with Φ. 
Theorem 5.7: If the quotient G/H is homeomorphic to a Euclidean space
Rm, all principal H-subbundles of a principal G-bundle P are isomorphic to
each other [24]. 
Remark 5.8: Let P h and P h
′
be isomorphic reduced principal subbundles
in Theorem 5.6. A principal G-bundle P provided with the atlas Ψh (5.21)
can be regarded as a P h-associated bundle with a structure group H acting on
its typical fibre G on the left. Endowed with the atlas Ψh
′
(5.22), it is a P h
′
-
associated H-bundle. The H-bundles (P,Ψh) and (P,Ψh
′
) fail to be equivalent
because their atlases Ψh and Ψh
′
are not equivalent. Indeed, the union of these
atlases is an atlas
Ψ = {(Uα, zhα, zh
′
α ), ̺
h
αβ , ̺
h′
αβ , ̺αα = f(zα)}
possessing transition functions
zh
′
α = z
h
α̺αα, ̺αα(x) = f(zα(x)), (5.24)
between the bundle charts (Uα, z
h
α) and (Uα, z
h′
α ) of Ψ
h and Ψh
′
, respectively.
However, the transition functions ̺αα are not H-valued. At the same time, a
glance at the equalities (5.23) shows that transition functions of both the atlases
form the same cocycle. Consequently, the H-bundles (P,Ψh) and (P,Ψh
′
) are
associated. Due to the isomorphism Φ : P h → P h′ , one can write
P = (P h ×G)/H = (P h′ ×G)/H,
(p× g)/H = (Φ(p)× f−1(p)g)/H.
For any ρ ∈ H , we have
(pρ, g)/H = (Φ(p)ρ, f−1(p)g)/H = (Φ(p), ρf−1(p)g)/H =
(Φ(p), f−1(p)ρ′g)/H,
where
ρ′ = f(p)ρf−1(p). (5.25)
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It follows that (P,Ψh
′
) can be regarded as a P h-associated bundle with the same
typical fibre G as that of (P,Ψh), but the action g → ρ′g (5.25) of a structure
group H on a typical fibre of (P,Ψh
′
) is not equivalent to its action g → ρg on
a typical fibre of (P,Ψh) since they possesses different orbits in G. 
Given a classical Higgs field h and the corresponding reduced principal H-
bundle P h, let
Y h = (P h × V )/H (5.26)
be the associated vector bundle with a typical fibre V which admits a represen-
tation of a group H of exact symmetries. Its sections sh describe matter fields
in the presence of a classical Higgs field h (Remark 5.5).
In general, the fibre bundle Y h (5.26) fails to be associated to another prin-
cipal H-subbundles P h
′
of P . It follows that, in this case, a V -valued matter
field can be represented only by a pair with a certain Higgs field. Therefore, a
goal is to describe the totality of these pairs (sh, h) for all Higgs fields h ∈ Σ(X).
Remark 5.9: If reduced principal H-subbundles P h and P h
′
of a principal G-
bundle are isomorphic in accordance with Theorem 5.6, then the P h-associated
bundle Y h (5.26) is associated as
Y h = (Φ(p)× V )/H (5.27)
to P h
′
. If a typical fibre V admits an action of the whole group G, the P h-
associated bundle Y h (5.26) also is P -associated as
Y h = (P h × V )/H = (P × V )/G.
Such P -associated bundles P h and P h
′
are equivalent as G-bundles, but they
fail to be equivalent as H-bundles because transition functions between their
atlases are not H-valued (Remark 5.8). 
In order to describe matter fields in the presence of different classical Higgs
fields, let us consider the composite bundle (5.17) and the composite bundle
Y
piYΣ−→Σ piΣX−→X (5.28)
where Y → Σ is a PΣ-associated bundle
Y = (P × V )/H (5.29)
with a structure group H . Given a Higgs field h and the corresponding reduced
principal H-subbundle P h = h∗P , the P h-associated fibre bundle (5.26) is the
restriction
Y h = h∗Y = (h∗P × V )/H (5.30)
of a fibre bundle Y → Σ to h(X) ⊂ Σ. Every global section sh of the fibre
bundle Y h (5.30) is a global section of the composite bundle (5.28) projected
onto a Higgs field h = πY Σ ◦ s. Conversely, every global section s of the com-
posite bundle Y → X (5.28) projected onto a Higgs field h = πY Σ ◦ s takes its
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values into the subbundle Y hY (5.30). Hence, there is one-to-one correspon-
dence between the sections of the fibre bundle Y h (5.26) and the sections of the
composite bundle (5.28) which cover h.
Thus, it is the composite bundle Y → X (5.28) whose sections describe the
above mentioned totality of pairs (sh, h) of matter fields and Higgs fields in
classical gauge theory with spontaneous symmetry breaking [4, 16, 22].
A key point is that, though Y → Σ is a fibre bundle with a structure group
H , a composite bundle Y → X is a P -associated bundle as follows [4, 22].
Theorem 5.8: The composite bundle Y → X (5.28) is a P -associated bundle
Y = (P × (G× V )/H)/G,
(pg′, (gρ, v)) = (pg′, (g, ρv)) = (p, g′(g, ρv)) = (p, (g′g, ρv)).
with a structure group G. Its typical fibre is a fibre bundle
πWH :W = (G× V )/H → G/H (5.31)
associated to a principal H-bundle G→ G/H (5.7). A structure group G acts
on W by the law
g′ : (G× V )/H → (g′G× V )/H. (5.32)

Theorem 5.9: Given a Higgs field h, any atlas of a PΣ-associated bundle Y →
Σ defines an atlas of a P -associated bundle Y → X with H-valued transition
functions. The converse need not be true. 
Proof: Any atlas ΨYΣ of a PΣ-associated bundle Y → Σ is defined by an atlas
ΨPΣ = {(UΣι, zι), ̺ικ} (5.33)
of the principal H-bundle PΣ (5.18). Given a section h of Σ → X , we have an
atlas
Ψh = {(πPΣ(UΣι), zι ◦ h), ̺ικ ◦ h} (5.34)
of the reduced principal H-bundle P h which also is an atlas of P with H-valued
transition functions (Remark 5.6). 
Given an atlas ΨP of P , the quotient bundle Σ→ X (5.19) is endowed with
the associated atlas (5.14). With this atlas and an atlas ΨYΣ of Y → Σ, the
composite bundle Y → X (5.28) is provided with adapted bundle coordinates
(xλ, σm, yi) where (σm) are fibre coordinates on Σ → X and (yi) are those on
Y → Σ.
Theorem 5.10: Any principal automorphism of a principal G-bundle P →
X is G-equivariant and, consequently, H-equivariant. Thus, it is a principal
automorphism of a principal H-bundle P → Σ and, consequently, it yields an
automorphism of the PΣ-associated bundle Y (5.28). 
38
The converse is not true. For instance, a vertical principal automorphism of
P → Σ is never a principal automorphism of P → X .
Theorems 5.8 – 5.10 enables one to describe matter fields with an exact
symmetry group H ⊂ G in the framework of gauge theory on a G-principal
bundle P → X if its structure group G is reducible to H .
5.2 Lorentz reduced structures in gravitation theory
As was mentioned in Section 1, gravitation theory based on Relativity and
Equivalence Principles is formulated as gauge theory on natural bundles (Re-
mark 1.1) over a world manifold whose structure group GL4 (1.1) is reduced to
a Lorentz subgroup SO(1, 3) [4, 14, 18].
Natural bundles are exemplified by tensor bundles T and, in particular, the
tangent bundle TX over X . Given a diffeomorphism f of X , the tangent mor-
phism Tf : TX → TX is a general covariant transformation of TX . Tensor
bundles over an oriented world manifold possess the structure group GL4 (1.1).
An associated principal bundle is the above mentioned frame bundle LX (Re-
mark 1.1). Its (local) sections are called frame fields. Given the holonomic atlas
of the tangent bundle TX , every element {Ha} of a frame bundle LX takes a
form Ha = H
µ
a ∂µ, where H
µ
a is a matrix of the natural representation of a group
GL4 in R
4. These matrices constitute bundle coordinates
(xλ, Hµa ), H
′µ
a =
∂x′µ
∂xλ
Hλa ,
on LX associated to its holonomic atlas
ΨT = {(Uι, zι = {∂µ})}, (5.35)
given by local frame fields zι = {∂µ}. With respect to these coordinates, the
canonical right action of GL4 on LX reads GL4 ∋ g : Hµa → Hµb gba.
A frame bundle LX is equipped with a canonical R4-valued one-form
θLX = H
a
µdx
µ ⊗ ta, (5.36)
where {ta} is a fixed basis for R4 and Haµ is the inverse matrix of Hµa .
A frame bundle LX → X is natural. Any diffeomorphism f of X gives rise
to a principal automorphism
f˜ : (xλ, Hλa )→ (fλ(x), ∂µfλHµa ) (5.37)
of LX which is its general covariant transformation.
Let Y = (LX×V )/GL4 be an LX-associated bundle with a typical fibre V .
It admits a lift of any diffeomorphism f of its base to an automorphism
fY (Y ) = (f˜(LX)× V )/GL4
of Y associated with the principal automorphism f˜ (5.37) of a frame bundle
LX . Thus, all bundles associated to a frame bundle LX are natural bundles.
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As was mentioned above, gravitation theory on a world manifold X is a
gauge theory with spontaneous symmetry breaking described by Lorentz re-
duced structures of a frame bundle LX . We deal with the following Lorentz
and proper Lorentz reduced structures.
By a Lorentz reduced structure is meant a reduced SO(1, 3)-subbundle LgX ,
called the Lorentz subbundle, of a frame bundle LX .
Let L= SO0(1, 3) be a proper Lorentz group. Recall that SO(1, 3) = Z2×L.
A proper Lorentz reduced structure is defined as a reduced L-subbundle LhX
of LX .
Theorem 5.11: If a world manifold X is simply connected, there is one-to-ne
correspondence between the Lorentz and proper Lorentz reduced structures. 
One can show that different proper Lorentz subbundles LhX and Lh
′
X of a
frame bundle LX are isomorphic as principal L-bundles. This means that there
exists a vertical automorphism of a frame bundle LX which sends LhX onto
Lh
′
X [4, 16]. If a world manifold X is simply connected, the similar property
of Lorentz subbundles also is true in accordance with Theorem 5.11.
Remark 5.10: There is the well-known topological obstruction to the exis-
tence of a Lorentz structure on a world manifold X . All non-compact manifolds
and compact manifolds whose Euler characteristic equals zero admit a Lorentz
reduced structure [3]. 
By virtue of Theorem 5.2, there is one-to-one correspondence between the
principal L-subbundles LhX of a frame bundle LX and the global sections h of
a quotient bundle
ΣT = LX/L, (5.38)
called the tetrad bundle. This is an LX-associated bundle with the typical fibre
GL4/L. Its global sections are called the tetrad fields. The fibre bundle (5.38)
is a two-fold covering ζ : ΣT → ΣPR of the quotient bundle
ΣPR = LX/SO(1, 3). (5.39)
whose global sections g are pseudo-Riemannian metrics of signature (+,−−−)
on a world manifold/ It is called the metric bundle.
In particular, every tetrad field h defines a unique pseudo-Riemannian metric
g = ζ ◦ h. For the sake of convenience, one usually identifies a metric bundle
with an open subbundle of the tensor bundle ΣPR ⊂
2∨TX . Therefore, the
metric bundle ΣPR (5.39) can be equipped with bundle coordinates (x
λ, σµν).
Every tetrad field h defines an associated Lorentz bundle atlas
Ψh = {(Uι, zhι = {ha})} (5.40)
of a frame bundle LX such that the corresponding local sections zhι of LX take
their values into a proper Lorentz subbundle LhX and the transition functions
of Ψh (5.40) between the frames {ha} are L-valued. The frames (5.40):
{ha = hµa(x)∂µ}, hµa = Hµa ◦ zhι , x ∈ Uι, (5.41)
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are called the tetrad frames.
Given a Lorentz bundle atlas Ψh, the pull-back
h = ha ⊗ ta = zh∗ι θLX = haλ(x)dxλ ⊗ ta (5.42)
of the canonical form θLX (5.36) by a local section z
h
ι is called the (local) tetrad
form. It determines tetrad coframes
{ha = haµ(x)dxµ}, x ∈ Uι, (5.43)
in the cotangent bundle T ∗X . They are the dual of the tetrad frames (5.41).
The coefficients hµa and h
a
µ of the tetrad frames (5.41) and coframes (5.43) are
called the tetrad functions. They are transition functions between the holonomic
atlas ΨT (5.35) and the Lorentz atlas Ψ
h (5.40) of a frame bundle LX .
With respect to the Lorentz atlas Ψh (5.40), a tetrad field h can be repre-
sented by the R4-valued tetrad form (5.42). Relative to this atlas, the corre-
sponding pseudo-Riemannian metric g = ζ ◦ h takes the well-known form
g = η(h⊗ h) = ηabha ⊗ hb, gµν = haµhbνηab, (5.44)
where η = diag(1,−1,−1,−1) is the Minkowski metric in R4 written with re-
spect to its fixed basis {ta}. It is readily observed that the tetrad coframes
{ha} (5.43) and the tetrad frames {ha} (5.41) are orthornormal relative to the
pseudo-Riemannian metric (5.44), namely:
gµνhaµh
b
ν = η
ab, gµνh
µ
ah
ν
b = ηab.
6 Spinor structures
As was mentioned above, we aim to describe spinor bundles as subbundles of a
fibre bundle in complex Clifford algebras.
6.1 Fibre bundles in Clifford algebras
One usually consider fibre bundles in Clifford algebras whose structure group
is a group of automorphisms of these algebras [4, 9] (Remark 6.1). A problem
is that this group fails to preserve spinor subspaces of a Clifford algebra and,
thus, it can not be a structure group of spinor bundles. Therefore, we define
fibre bundles in Clifford algebras whose structure group is a group of invertable
elements of a Clifford algebra which acts on this algebra by left multiplications.
Certainly, it preserves minimal left ideals of this algebra and, consequently, it
is a structure group of spinor bundles. In a case in question, this is a matrix
group.
Let CCℓ(n) be a complex Clifford algebra modelled over an even dimensional
complex space Cn (Definition 2.4). It is isomorphic to a ring Mat(2n/2,C) of
complex (2n/2×2n/2)-matrices (Theorem 2.9). Its invertible elements constitute
a general linear groupGL(2n/2,C) whose adjoint representation in CCℓ(n) yields
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the projective linear group PGL(2n/2,C) (3.31) of automorphisms of CCℓ(n)
(Theorem 3.7).
Definition 6.1: Given a smooth manifold X , let us consider a principal bundle
P → X with a structure group GL(2n/2,C). A fibre bundle in complex Clifford
algebras CCℓ(n) is defined to be the P -associated bundle (5.12):
C = (P ×Mat(2n/2,C))/GL(2n/2,C)→ X (6.1)
with a typical fibre
CCℓ(n) = Mat(2n/2,C) (6.2)
which carries out the left-regular representation of a group GL(2n/2,C). 
Owing to the canonical inclusion GL(2n/2,C) → Mat(2n/2,C), a principal
GL(2n/2,C)-bundle P is a subbundle P ⊂ C of the Clifford algebra bundle C
(6.1). Herewith, the canonical right action of a structure group GL(2n/2,C) on
a principal bundle P is extended to the fibrewise action of GL(2n/2,C) on the
Clifford algebra bundle C (6.1) by right multiplications. This action is globally
defined because it is commutative with transition functions of C acting on its
typical fibre Mat(2n/2,C) on the left.
Remark 6.1: As was mentioned above, one usually considers a fibre bundle in
Clifford algebras Mat(2n/2) whose structure group is the projective linear group
PGL(2n/2,C) (3.31) of automorphisms of CCℓ(n). This also is a P -associated
bundle
AC = (P × CCℓ(n))/GL(2n/2,C)→ X (6.3)
where GL(2n/2,C) acts on CCℓ(n) by the adjoint representation. In particular,
a certain subbundle of AC (6.3) is the group bundle PG (5.13) (Remark 5.4). 
Let Ψ(n) (Definition 4.2) be a spinor space of a complex Clifford algebra
CCℓ(n). Being a minimal left ideal of CCℓ(n) (Definition 4.3), it is a subspace
Ψ(n) of CCℓ(n) (Theorem 4.1) which inherits the left-regular representation of
a group GL(2n/2,C) in CCℓ(n).
Definition 6.2: Given a principal GL(2n/2,C)-bundle P , a spinor bundle is
defined as a P -associated bundle
S = (P ×Ψ(n))/GL(2n/2,C)→ X (6.4)
with a typical fibre Ψ(n) = C2
n/2
and a structure group GL(2n/2,C) which
acts on Ψ(n) by left multiplications that is equivalent to the natural matrix
representation of GL(2n/2,C) in C2
n/2
(Corollary 4.2). 
Obviously, the spinor bundle S (6.4) is a subbundle of the Clifford algebra
bundle C (6.1). However, S (6.4) need not be a subbundle of the fibre bundle
AC (6.3) in Clifford algebras because a spinor space Ψ(n) is not stable under
automorphisms of a Clifford algebra CCℓ(n).
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At the same time, given the spinor representation (1.2), of a complex Clifford
algebra, there is a fibrewise morphism
γ : AC ×
X
S −→
X
S, (6.5)
(P × (CCℓ(n)×Ψ(n)))/GL(2n/2,C)→
(P × γ(CCℓ(n)×Ψ(n)))/GL(2n/2,C),
of the P -associated fibre bundles AC (6.3) and S (6.4) with a structure group
GL(2n/2,C).
Remark 6.2: Let X be a smooth real manifold of dimension 2n/2, n = 2, 4, . . ..
Let TX be the tangent bundle over X and LX the associated principal frame
bundle. Their structure group is GL(2n/2,R). There is the canonical group
monomorphism
GL(2n/2,R)→ GL(2n/2,C). (6.6)
Let us consider a trivial complex line bundleX×C overX and a complexification
CTX = (X × C)⊗
X
TX = C⊗
X
TX (6.7)
of TX . This is a fibre bundle with a structure group GL(2n/2,C) which is
reducible to its subgroup GL(2n/2,R) (6.6). Let P → X be an associated prin-
cipalGL(2n/2,C)-bundle. There is the corresponding mnomorphism of principal
bundles
LX −→
X
P. (6.8)
Let C be the P -associated bundle (6.1) in complex Clifford algebras CCℓ(n).
Let S (6.4) be a spinor subbundle of C whose typical fibre C2n/2 carries out the
natural matrix representation of GL(2n/2,C). Due to the monomorphism (6.8),
its structure group is reducible to GL(2n/2,R), and S is a LX-associated bundle
isomorphic to the complex tangent bundle CTX (6.7). Thus, a complexification
of the tangent bundle of a smooth real manifold of dimension 2n/2, n = 2, 4, . . .
can be represented as a spinor bundle. Moreover, general covariant transfor-
mations of LX gives rise to principal automorphisms of a principal bundle P
(Remark 5.7). Therefore, a principal bundle P , a P -associated Clifford algebra
bundle C and its spinor subbundle S are natural bundles (Remark 1.1). 
It should be emphasized that, though there is the ring monomorphism
Cℓ(m,n − m) → CCℓ(n) (2.38), the Clifford algebra bundle C (6.1) need not
contains a subbundle in real Clifford algebras Cℓ(m,n−m), unless a structure
group GL(2n/2,C) of C is reducible to a group GCℓ(m,n −m). This problem
can be solved as follows.
LetX be a smooth real manifold of even dimension n. Let TX be the tangent
bundle over X and LX the associated principal frame bundle. Let us assume
that their structure group is GL(n,R) is reducible to a pseudo-ortohogonal
subgroup O(m,n − m). In accordance with Theorem 5.5, a structure group
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GL(n,R) always is reducible to a subgroup O(n,R). There is the exact sequence
of groups (3.19):
e→ Z2 −→ Pin(m,n−m) ζ−→O(m,n−m)→ e. (6.9)
A problem is that this exact sequence is not split, i.e., there is no monomorphism
κ : O(m,n−m)→ Pin(m,n−m) so that ζ ◦ κ = Id (Example 3.2 and Remark
6.3).
In this case, we say that a principal Pin(m,n −m)-bundle P˜ h → X is an
extension of a principal O(m,n−m)-bundle P h → X if there is an epimorphism
of principal bundles
P˜ h → P h (6.10)
(Remark 5.3). Such an extension need not exist. The following is a corollary of
the well-known theorem [4, 5, 9].
Theorem 6.1: The topological obstruction to that a principal O(m,n −m)-
bundle P h → X lifts to a principal Pin(m,n − m)-bundle P˜ h → X is given
by the Cˇech cohomology group H2(X ;Z2) of X . Namely, a principal bundle
P defines an element of H2(X ;Z2) which must be zero so that P
h → X can
give rise to P˜ h → X . Inequivalent lifts of P h → X to principal Pin(m,n−m)-
bundles are classified by elements of the Cˇech cohomology group H1(X ;Z2).

Let LhX be a reduced principal O(m,n−m)-subbundle of a frame bundle. In
this case, the topological obstruction in Theorem 6.1 to that this bundle LhX
is extended to a principal Pin(m,n − m)-bundle L˜hX is the second Stiefel–
Whitney class w2(X) ∈ H2(X ;Z2) of X [9]. Let us assume that a manifold X
is orientable, i.e., the Cˇech cohomology group H1(X ;Z2) is trivial, and that the
second Stiefel–Whitney class w2(X) ∈ H2(X ;Z2) of X also is trivial. Let (6.10)
be a desired Pin(m,n−m)-lift of a principal O(m,n−m)-bundle P h.
Owing to the canonical monomorphism (2.38) of Clifford algebras, there is
the group monomorphism Pin(m,n −m) → GCCℓ(n). Due to this monomor-
phism, there exists a principal GCCℓ(n)-bundle P whose reduced Pin(m,n−m)-
subbundle is L˜hX , and whose structure group GCCℓ(n) thus is reducible to
Pin(m,n−m). Let
Ch → X (6.11)
be the P -associated Clifford algebra bundle (6.1). Then it contains a subbundle
Ch(m,n−m)→ X (6.12)
in real Clifford algebras Cℓ(m,n−m). This subbundle in turn contains a subbun-
dle of generating vector spaces which is LhX-associated and, thus, isomorphic
to the tangent bundle TX as a LhX-associated bundle. The Clifford algebra
bundle Ch (6.11) contains spinor subbundles Sh → X (6.4) together with the
representation morphisms (6.5).
Of course, with a different reduced principal O(m,n −m)-subbundle Lh′X
of LX , we come to a different Clifford algebra bundle Ch′ (6.11). Let us recall
44
that, in accordance with Theorem 5.2, there is one-to-one correspondence (5.20)
between the reduced principalO(m,n−m)-subbundle LhX of LX and the global
sections of the quotient bundle
Σ(m,n−m) = LX/O(m,n−m)→ X (6.13)
which are pseudo-Riemannian metrics on X of signature (m,n−m).
Remark 6.3: Let X be a four-dimensional manifold. In this case, we have the
fibre bundle C in Clifford algebrasCCℓ(4) in Example 6.2 and the Clifford algebra
bundles Ch (6.11) in CCℓ(4). A difference between them lies in the fact that a
structure group GL(4,C) of C is reducible to a subgroup O(m, 4−m), whereas
the a structure group of Ch is reducible to Pin(m, 4 −m), but O(m, 4 −m) is
not a subgroup of Pin(m, 4−m). 
A key point is that, given different sections h and h′ of the quotient bundle
Σ(m,n−m) (6.13), the Clifford algebra bundles Ch and Ch′ need not be isomor-
phic as follows. These fibre bundles are associated to principal Pin(m,n−m)-
bundles L˜hX and L˜h
′
X which are the two-fold covers (6.10) of the reduced
principal O(m,n − m)-subbundles LhX and Lh′X of a frame bundle LX , re-
spectively. These subbundles need not be isomorphic, and then the principal
bundles L˜hX , L˜h
′
X and, consequently, associated Clifford algebra bundles Ch,
Ch′ (6.11) are well. Moreover, let principal bundles LhX and Lh′X be iso-
morphic. For instance, in accordance with Theorem 5.7, this is the case of an
orthogonal group O(n, o) = O(n,R). However, their covers L˜hX and L˜h
′
X need
not be isomorphic. Thus a Clifford algebra bundle must be considered only in
a pair with a certain pseudo-Riemannian metric h.
6.2 Composite bundles in Clifford algebras
In order to describe a whole family of non-isomorphic Clifford algebra bundles
Ch, one can follow a construction of the composite bundle (5.28). Let us consider
the composite bundle (5.17):
LX → Σ(m,n−m)→ X (6.14)
where
LX
piPΣ−→Σ(m,n−m) (6.15)
is a principal bundle with a structure group O(m,n −m). Let us consider its
principal Pin(m,n−m)-cover (6.10):
P˜Σ → Σ(m,n−m) (6.16)
if it exists. Then, given a global section h of Σ(m,n − m) → X (6.13), the
pull-back h∗P˜Σ is a subbundle of P˜Σ → X which a Pin(m,n−m)-cover
h∗P˜Σ → LhX.
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Owing to the canonical monomorphism (2.38) of Clifford algebras, there is
the group monomorphism Pin(m,n −m) → GCCℓ(n). Due to this monomor-
phism, there exists a principal GCCℓ(n)-bundle
L˜XΣ → Σ(m,n−m). (6.17)
Let
CΣ → Σ(m,n−m) (6.18)
be the associated Clifford algebra bundle. It contains a subbundle
CΣ(m,n−m)→ Σ(m,n−m) (6.19)
and the spinor subbundles
SΣ → Σ(m,n−m). (6.20)
Theorem 6.2: Given a global section h of Σ(m,n−m)→ X (6.13), the pull-
back bundles h∗CΣ → X , h∗CΣ(m,n−m)→ X and h∗SΣ → X are subbundles
of the composite bundles CΣ → X , CΣ(m,n−m)→ X and SΣ → X and are the
bundles Ch → X (6.11), Ch(m,n −m) → X (6.12) and Sh → X , respectively.

As was mentioned above, this is just the case of gravitation theory that we
study in forthcoming Part II of our work.
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